Chapter

BINOMIAL THEOREM

8.1 Overview:
8.1.1 An expression consisting of two terms, connected by + or — sign is called a

binomial expression. For example, x +a, 2x—3y, — —13, 7x—5i , €tc., aredll binomial
X X y
expressions.
8.1.2 Binomial theorem
If a andb are real numbers and nis a positive integer, then
(@a+by ="C,a'+"C a" 'b*+"C,a 2P + ...

[n
[r|n-r
The general term or (r + 1) term in the expansion is given by
T,,="C a"b
8.1.3 Some important observations

1. Thetotal number of termsin the binomial expansion of (a +b)isn+1,i.e.one
more than the exponent n.

2. Intheexpansion, thefirst termisraised to the power of the binomial andin each
subsequent terms the power of a reduces by one with simultaneousincreasein
the power of b by one, till power of b becomes equal to the power of binomial,
i.e., the power of aisnin the first term, (n — 1) in the second term and so on
ending with zero in the last term. At the same time power of bis0in the first
term, 1inthe second term and 2 in the third term and so on, ending with n inthe
last term.

3. Inany term the sum of the indices (exponents) of ‘a’ and ‘b’ isequal ton (i.e.,
the power of the binomial).

4. The coefficients in the expansion follow a certain pattern known as pascal’s
triangle.

LR b+ .. + "C b, Where”Cr = forO<r<n
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Index of Binomial Coefficient of various terms
0 1
1 1 1
2 1 2 1
3 1 3 3 1
4 1 4 6 4 1
5 1 5 10 10 5 1

Each coefficient of any row isobtained by adding two coefficientsin the preceding
row, one on the immediate left and the other on the immediate right and each row is
bounded by 1 on both sides.

The (r + 1) term or general term is given by
T..= "C.,a"b'

r+1

8.1.4 Some particular cases
If nisapositive integer, then
(@+br=CjabP+rC arbt+C a-2 ?+ ..+ C a-r b+ ..+
"C, a’h" )
In particular
1. Replacingbby —bin (i), we get
(@=br=rC akP-"C a-tb +C, a2+ ..+ (-)rCa-rb+. +
(1" "C, a’ b .. (2
2. Adding (1) and (2), we get
(@+br+(@a-br=2[C ankP+rC a-2?+C an-4b*+..]
= 2 [terms at odd places]
3. Subtracting (2) from (1), we get
(@+b"—(a-b"=2["C a*b'+"C a b +..]
= 2 [sum of terms at even places]
4. Replacingaby 1and b by xin (1), we get
(L+X"="C,xX’+"C,x+"C,x¥*+...+"C X"+ .. +"C

n

n-1 n n
X' +"C X

n
ie. (L+xp=2"C X
r=0
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5. Replacingaby 1 and bby —xin ... (1), we get
(1-x"="C,xX>="C x+"C,¥* ..+"C_ ()™ x™*+"C (-1)" x°

ie, (L-xr= Zn:(—J)’ "C, x'
r=0

8.1.5 The p" term from the end
The p™ term from the end in the expansion of (@ + b)"is (n—p + 2)" term from the

beginning.
8.1.6 Middle terms

The middle term depends upon the value of n.
(@) If niseven: then thetotal number of termsin the expansion of (a+ b)"isn+ 1

th
(odd). Hence, thereis only one middle term, i.e., (ﬂ + 1) term isthe middle
2

term.
(b) If nisodd: then the total number of termsin the expansion of (a + b)risn+1

th th
(even). So there are two middle terms i.e., (n%l) ad [nLZ?’) are two

middleterms.

8.1.7 Binomial coefficient
In the Binomial expression, we have

(@+by="C,a@+"C & *b+"C,a" 2k +..+"C b" .. (D
The coefficients "C, "C, "C, ..,"C are known as binomial or combinatorial
coefficients.

Puttinga=b=11in (1), we get
"C,+"C,+"C,+..+"C =2
Thusthe sum of all the binomial coefficientsisequal to 2.
Again, puttinga=21andb=-1in (i), we get
"C,+"C,+"C, +...="C +C, +"C + ..
Thus, the sum of all the odd binomial coefficientsis equal to the sum of all the even

2n
binomial coefficients and each isequal to Py =2

"C,+"C,+"C,+..="C,+"C,+"C;+..=2""1
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8.2 Solved Examples
Short Answer Type

2r
Example 1 Find ther™ term in the expansion of (X+ ;j :

1 r-1
Solution Wehave T =2C _ (xpP-r*? (;)
—I& Xr+1—r+l
|r—1|r+1
__lx
|r -1r +1
Example 2 Expand the following (1 — x + x%)*
Solution Put1—x=y. Then
(L—x+x)y= (y +x)
‘C, Y0P +1C, ¥ (R)
+C, V() +°C;, y(X)F + *C, (x)*
Y +HAYP X+ 6y X + 4y xC+ X
Q=X+ (1-x+6x(1—X?+4°(L—x) +x&
1-4x+ 10x% — 163 + 19x* — 16x> + 10x8 — 4X" + X8

X2

Solution Since r™"term from the end in the expansion of (a + b)"is(n —r + 2)"term
from the beginning. Therefore 4" term fromtheendis9—4 + 2, i.e., 7" term from the
beginning, whichisgiven by

o (_j(z) _og X B4_9x8x7 b4 672
-oq(E) (2] - ek &

3 9
Example 3 Find the 4" term from the end in the expansion of (X? ——ZJ

7 2 ) [ x X2 3x2x1 x x°

Example4 Evauate: (x2 _,’1_)(2 )4 + (x2 +1/1_ x2)4
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Solution Putting ,/1_ x% =y, we get

Thegivenexpression= (X’ —=y)* + (¢ +y)* =2 [x* + “C, x* y* + “C, y']
= Z[X8 L Ax8 (A-x)+ (- xz)z}
2x1

=2 +6x' (1 —x) + (1 —2¢+ x9
=28 — 12X + 14x* — ¢ + 2

12
Example 5 Find the coefficient of x* in the expansion of (x3 - %)
X

Solution Let the general term, i.e., (r + 1)" contain x™.
2 r
We have T,,,=2C, &)z~ [— 7)
— 12(:r X36 =-3r-2r (_1)r 7
— :lZCr (_1)r r x36- 9%
Now for thisto contain x*, we observe that
36-5r=11,i.e,r=5
Thus, the coefficient of x! is
12x11x10x9x 8

12 _1)5 25 = — 32 =_
C, )2 Ex4x3x 2 * 25344

18
Example 6 Determine whether the expansion of (xz - Z) will contain a term

- X
containing x©?

Solution Let T, ,, contain X Then
(-2
Tr . — l8Cr (X2)18 r [_j
X
= lBCr X36 —2r (_1)r . 2r el
— (_1)r 2r lBCr x36 -3
. 26
Thus, 36-3r=10,i.e,r=—

3
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Sincer isafraction, the given expansion cannot have aterm containing x*.

x BY
Example 7 Find the term independent of x in the expansion of [—X+ —3] :

J3 2x¢2

Solution Let (r + 1)™ term be independent of x which is given by

_10¢ (97312( 1 j
' 2 X

r 10-r 10-r
=10 o 2 oTy o
= Cr 32 2 2fx 2

Since the term is independent of x, we have
10—-r

-2r=0 = r=2
Hence 3 term is independent of xand its valueis given by

lOC3~°’_10><9X 1 5

3 272 T 2x1 9x12 12

12
Example 8 Find the middle term in the expansion of (Zax— %j .
X

Solution Since the power of binomial is even, it has one middle term which is the

th
(12; 2) termand it isgiven by

—_b\®
T = lZCG(Zax)G(7j

~ 12C 26 a6 XG X (_b)G
=VC T —
2°a°0°®  59136a°0°

6 6

_ 12C
- 6
X X
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9
X
Example 9 Find the middle term (terms) in the expansion of [;p + EJ .

Solution Since the power of binomial is odd. Therefore, we have two middle terms
which are 5" and 6t terms. These are given by

5 4
p X p 126p
T5 = 9C4 (;j (—p) :9C4— = —

o el

Example 10 Show that 2*+4 — 15n— 16, where n € N isdivisible by 225.
Solution We have
2n+4—-15n - 16

240+ _15n - 16
= 16""' -15n-16
= (1+ 1501 — 150 — 16
= n*1G 19+ n+1C 151+ 1+1C, 18+ n+1C, 15°
+..+"*C_ (15)"*'-15n—16
=1+(n+1)15+"*'C,15°+"*'C, 15°
+..+"C | (15)" - 15n-16
= 1+15n+ 15+ n+1C, 152+ n+1C, 152
+..+0+C o (15t —15n-16
= 152 ["*1C, + "*1C, 15 + ... 0 on]
Thus, 2*'*4—15n—16 isdivisible by 225.

Long Answer Type
Example 11 Find numerically the greatest term in the expansion of (2 + 3x)°, where

X=—.
2

3 9
Solution We have (2 + 3)° = 29(1+3X)
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ol 9 3x
N Tr+1 _ 2 { C,(?)}
ow, T - r-1
-1 >

_°c I
) 9Cr—l B |£|9—I‘ Ig

10-r _10—r(gj S 3
. y X 4 nce X= >

3x
2

B
2

3x
2

90-9r 51
T, 4r
=90-9r = 4r (Why?)

Therefore,

Thus the maximum value of r is 6. Therefore, the greatest termisT , =T..

o (3x)° 3
Hence, T =21°C| =] |, wherex = =
7 2 2
9\° Ox8x7(32) 7x38
= 29 '9C6 (—j = 29 X X [—J: x
4 3x2x1\ 22 2

Example 12 If nis a positive integer, find the coefficient of x* in the expansion of

1 n
1+x)p 1+—) :
(1+%) [ ~
Solution We have

n n 2n
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n
Now to find the coefficient of x*in (1 + x)" (1+ l) , it is equivalent to finding
X

- @ . - .
coefficient of x* in ——— which in turn is equal to the coefficient of x*-* in the
X

expansionof (1 + X
Since (1 + )" =2C, x>+ C, X' + C,X* + ... + 'C__, X" + ... + C, x*"

Thus the coefficient of x*~*is*C__,

|20 [2n

“[n—f2n—n+1 [n-1jn+1

Which of the following islarger?
99% + 100% or 101
We have (101)® = (100 + 1)%®

50.49 50.49.48
— 8y ————(100)%
1007 + 50 (100f° + ——— (100)+ ——— ( +...(1)
Smilaly 99% = (100 — 1)®
50.49.48

50.49
100% — 50 . 100° + 100+ .. (2)

. .
21 100%™ 357

Subtracting (2) from (1), we get

50-49- 48
101% — 99 = 2 {50 . (100) y° + W 10047 + }

50-49-48] 100" +
3-2-1

= 101%-99% = 100 + 2[
= 101%¥ —99% > 100>
Hence 101%* >99% + 100%®

Example 14 Find the coefficient of x® after simplifying and collecting the like terms
in the expansion of (1 + X)™%° + x (1 + X)%°+ x? (1 + X)*® + ... + x19%,

X

Solution Since the above series is a geometric series with the common ratio 1+ x’

itssumis
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i
(=)

1001
(1+ x)100° _ X
1+ X
- T X x = (1 + x)100L — 001
1+ X

Hence, coefficient of X° is given by

e g |1001
© [50(951
Example 15 If a,, a,, a, and a, are the coefficient of any four consecutive termsin
the expansion of (1 + X", prove that

4 % _ 2a,
aq+a, at+a, a+ag
Solution Let a,, a,, a, and a, be the coefficient of four consecutive terms T, |, T, ,
» T, and T, ., respectively. Then

a, = coefficientof T, ="C
a, = coefficientof T, ="C

a, = coefficientof T, . =1C

3 r+2
and a, = coefficientof T,, ,="C, , ,
n
C
Thus 4 — —
a1+a2 Cr+ Cr+1
"C
- —r . n n —n+
- n+1C (‘ Cr+ Cr+1_ 1c:r+l)
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|n s [r+1n—r _(r+ﬂ

:|£|n—r [n+1 n+
n
a C
Similarly, - - L2
A3+ 3y Gt Cr+3
_ nCr+2 _r+3
n+1cr+3 n+1
=N a, r+1 r+3 2r+4
Hence, LH.S = + = + -
a+a, a+a n+l n+l n+l
2 2("C 2("C
and RH.S. = —2_ - (") =( )

“n n n+1
a2+a3 Cr+1+ Cr+2 Cr+2

— In X|r+2|n—r—1_2(r+2)
[r+1n-r-1 n+1  n+1

Objective Type Questions (M.C.Q)
Example 16 Thetotal number of termsin the expansion of (x + a)* — (x —a)* after
simplificationis

(a) 102 (b)y 25 (c) 26 (d) None of these
Solution C isthe correct choice since the total number of terms are 52 of which 26
terms get cancelled.

n
X
Example 17 If the coefficients of x” and x®in (2 +§j areequal, thennis

(a) 56 (b) 55 (c) 45 (d) 15
Solution B is the correct choice. Since T, , ="C, &' X" in expansion of (a + x)",

X 7 2n77
Therefore, T,="C, (2)”‘7(?3) ="C, =S x’
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8 _
X 2n 8
and T9: an (2)n—8 (E] :nCS 38 X8
2n—7 n-8
Therefore, “073—7: "Cq 7 (sinceitisgiventhat coefficient of x” = coefficient»é)

=

Example18 If (1-x+x)"=a +a x+a x+..+a x™ thena +a +a, +..
+a, equals.
A 3"+1 5 3"-1 q 1-3"
R — (B) — © —
Solution Aisthe correct choice. Puttingx=1and -1 in
(I-x+x)y=a +a x+a,x+..+a xn
we get 1= +a +a, +a, +..+a, . (1)
and =g —-a+a-a+..+a,
2

1
3N +=
(D) >

Adding (1) and (2), we get
I+1l=2@+a+ta +..+a)

3"+1
Therefore g, +a,+a,+..+a, = >

Example 19 The coefficient of xP and xa@ (p and q are positive integers) in the
expansion of (1 + x)P+aare

(A) equd (B) equal with oppositesigns

(C) reciprocal of each other (D) none of these
Solution Aisthe correct choice. Coefficient of x* and X' in the expansion of (1 +x)P
*darep +qCp and p +qCq

|p+q
and PHIC, =P OC, =

* el

Hence (@) is the correct answer.
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Example 20 The number of termsin the expansion of (a+ b + c)", wheren e N is

(A) (n+1)2(n+2) B) n+1

() n+2 (D) (n+1)n
Solution A isthe correct choice. We have

@+b+cy=[a+ b+ o)
=a"+"C,a t(b+c)t+"C,a ?(b+ 02
+..+"C (b+o)O
Further, expanding each term of R.H.S., we note that
First term consist of 1 term.
Second term on simplification gives 2 terms.
Third term on expansion gives 3 terms.
Similarly, fourth term on expansion gives 4 terms and so on.
The total number of telms=1+2+3+ ...+ (n+1)

~(h+h(n+2)
B g
Example 21 The ratio of the coefficient of x> to the term independent of X in

15
[xz + gj is
X

(A) 1232 (B) 132 (C) 3212 (D) 321

Solution (B) isthe correct choice. Let T

r+1

2 r
Tr+l :]SCr (x2)1s -1 [_j
X

=BC (27 xo-x - (D
Now, for the coefficient of term containing x®,
30-3r=15 ie, r=5
Therefore, C, (2)° is the coefficient of x* (from (1))
To find the term independent of x, put 30—3 =0

2\
be the general term of (xz + —) , SO,
X
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Thus *C,, 2 is the term independent of x (from (1))

Now the ratio s o 2 = & =
ow ther |0|515Cl -5 "3

N5 N5
Example 22 If z= (§+'_] +(£_lj , then

2 2 2
(A) Re(=0 B) 1,@=0
(C) Re(9>0,1 (>0 (D) Re(>0,1 (<0

Solution B isthe correct choice. On simplification, we get

o[ e (e D Y]

Sincei? =—1andi*= 1, zwill not contain any i and hence| (z) = 0.

8.3 EXERCISE |
Short Answer Type
. . _ _ x 1)
1. Find the term independent of x, x # 0, in the expansion of > )

K 10
2. If theterm free from xin the expansion of (\/_— 2) is 405, find the value
X

of k.
3. Find the coefficient of xin the expansion of (1 —3x + 7>2) (1 — x).

2

15
4. Find the term independent of x in the expansion of, (3x - 3) :
X

5. Find the middle term (terms) in the expansion of

10 3\ 9
0 33 o (2%)
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Find the coefficient of x* in the expansion of (x —x?)%.

1 15
Find the coefficient o —17 Inthe expansion o X —— .
ind the coeffici f & in the expans f ( 4 1)

X

1 1\"

y2+ X3

Find the sixth term of the expansion , if the binomial coefficient of

the third term from the end is 45.

[Hint: Binomial coefficient of third term from the end = Binomial coefficient of
third term from beginning ="C,]

Find the value of r, if the coefficients of (2r + 4)" and (r — 2)"" terms in the
expansion of (1 + x)*® are equal.

If the coefficient of second, third and fourth termsin the expansion of (1 + x)*
arein A.R Show that 2n2—9n + 7 = 0.

11. Find the coefficient of x*in the expansion of (1 + X + X2 + x3)1,
LongAnswer Type
p 8
12. If pisarea number and if the middle term in the expansion of £E+ 2) is
1120, find p.
2n
13. Show that the middle term in the expansion of (x——j is
X
1x3x5x%x..(2n-1) « (-2)"
m .
l n
14. Findninthebinomial [\E’EJF%/—_B] if theratio of 7" term from the beginning to
o1
the 7" term from the end is 5
15. Intheexpansion of (x + ay if the sum of odd termsis denoted by O and the sum of
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16.

17.

eventerm by E.
Then prove that
(i) O2—E2=(x2—a) (i) 40E = (x+ @2 — (x—a)"

2n
If xP occurs in the expansion of [X2+ ;) , prove that its coefficient is

[2n
A4n—-p|2n+p-
3 3 o
Find the term independent of x in the expansion of (1 + X + 2x3) (g X2 — 3i] .
X

ObjectiveTypeQuestions
Choose the correct answer from the given options in each of the Exercises 18 to 24

(M.C.Q)).

18.

19.

20.

21.

22.

The total number of terms in the expansion of (x + a)'® + (x — a)'® after
simplificationis

(A) 50 (B) 202 (C) 51 (D) none of these
Giventheintegersr > 1, n> 2, and coefficients of (3r)hand (r + 2)™termsin
the binomial expansion of (1 + x)2" are equal, then

(A) n=2r (B) n=3r ©) n=2r+1 (D) none of these
The two successive termsin the expansion of (1 + x)* whose coefficientsarein
theratio 1:4 are

(A) 39and4h(B) 4hand 5h (C) 5hand 6™ (D) 6hand 7

24
[Hint: %:%:Jl :% =4r+4=24-4=[r =4]]
—Tr

r+1
The coefficient of X in the expansion of (1 + x)2"and (1 + x)2"-1 arein theratio.
(A) 1:2 (B) 1:3 (© 3:1 (D) 2:1
[Hint : ™C :2"~'C_
If the coefficients of 2™, 3 and the 4" terms in the expansion of (1 + X)" arein
A.P, then value of nis
(A) 2 B) 7 (c) 11 (D) 14
[Hint: 2nC,="C +"C,=n?-9n+14=0=n=2o0r7



23.

24,
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If A and B are coefficient of x" in the expansions of (1 +x)*and (1 + x)>~*

A
respectively, then = equals

B
1
(A) 1 (B) 2 © 3 (D) -
A ZnCn
[Hint: EZWZZ]

n

10
1 . 7
If the middle term of [; +xd nx) isequal to 7 <, then value of x is

8
T s TT s
(A) 2nm + 6 (B) nm+ 6 (©) nm+ (1) 5 (D) nm+ (-1y 3
— _ 1 . 63 . 1 1
[Hint: TG—10(:5?.)(55”']5)(:E :sm5x—§:>sm_§

s
= Xx=nm+ (-1)" E]

Fill inthe blanksin Exercises 25 to 33.

25.
26.

27.

28.

The largest coefficient in the expansion of (1 + X)® is
The number of terms in the expansion of (X +y + 2)"
[Hint: (x+y+2"=[x+{ + 2]

16
In the expansion of (Xz__zj , the value of constant term is
X

If the seventh terms from the beginning and the end in the expansion of

1 n
[\SE + %] are equal, then n equals

1\N~® 16 ( })6
[Hint:T.=T _ = ”C6(23) - | = "Cpe\2®
3
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29.

30.
31.

32.

33.

n-12
-2 (1)
=>(2§) =| T = only problemwhenn —12 =0= n = 12].
L35J
Th ici 6| : 1 2b)*
e coefficient of a-¢ b* in the expansion of __? is
a
. -2b 1120 _
i =6, (4) (2 - B2

Middle term in the expansion of (a3 + ba)® is :
Theratio of the coefficients of x° andx?in the expansion of (L+x)P+dis
[Hint: P*aC =P*aC]

10
x 3

The position of theterm independent of x in the expansion of (\/; > j is
X2

If 25" is d|V|ded by 13, the reminder is

State which of the statement in Exercises 34 to 40 |sTrue or False.

34.

35.

36.
37.

38.

39.

40.

% ¢
The sum of the series 2 = Cr is 21+ TO
r=0

Theexpression ? + Fisdivisible by 64.

Hint: 72+ 97=(1+8)"—-(1-8)°

The number of termsin the expansion of [(2x + y®)*]"is 8

The sum of coefficients of the two middle termsin the expansion of (1 + X" ~*
is equal to *~'C .

The last two digits of the numbers 340 are 01.

2n
If the expansion of [X - —2) contains a term independent of x, thennisa
X

multipleof 2.

Number of termsin the expansion of (a +b)” wheren € Nisone less than the
power n.

- O F e ——



