Short Answer Type Questions

Q1. Give an example of a statement P(n) which is true for all n2 4 but P(l), P(2) and P(3) are not true.
Justify your answer.

Sol. Consider the statement P(n): 3n < n!

Forn=1,3x1<1!, which is not true
Forn=2,3x2< 2!, which is not true
Forn =3, 3 x 3 < 3!, which is not true
Forn=4,3x 4 < 4!, which is true
Forn=5,3x5< 5!, which is true

Q2. Give an example of a statement P(n) which is true for all Justify your answer.
Sol. Consider the statement:

: 2 2
+1
P(M):13+23+33+_._+M3=“(M4 )
12(1+1)?
Forn = ,13=—(—*)~"=1
4
Thus, P(1) 1s true.
: 2 2
Forn=2, l3+23=1+8=93nd2(2+l) =9
Thus, P(2) is true.
2 2
+
Forn=3,13+23+33=1+3+27=36and3—@—1)—-=36

Thus, P(3) is true.
Hence, the given statement is true for all n.

Instruction for Exercises 3-16: Prove each of the statements in these Exercises by the Principle of
Mathematical Induction.



Q3. 4" - 1 is divisible by 3, for each natural number

Sol: Let P(n): 4" — 1 is divisible by 3 for each natural number n.

Now, P(I): 4" = 1 = 3, which is divisible by 3 Hence, P(l) is true.

Let us assume that P(n) is true for some natural number n = k.

P(k): 4% — 1 is divisible by 3

or 4K—1=3m, meN (i)

Now, we have to prove that P(k + 1) is true.

P(k+1): 451 — 1

= 454

=4(8m+1) -1 [Using (i)]

=12m+3

= 3(4m + 1), which is divisible by 3 Thus, P(k + 1) is true whenever P(Kk) is true.
Hence, by the principle of mathematical induction P(n) is true for all natural numbers n.

Q4. 23" - 1 is divisible by 7, for all natural numbers

Sol: Let P(n): 23" — 1 is divisible by 7

Now, P(1): 22 — 1 =7, which is divisible by 7.

Hence, P(l) is true.

Let us assume that P(n) is true for some natural number n = k.
P(k): 23k = 1 is divisible by 7.

or 231 =7m, meN ())

Now, we have to prove that P(k + 1) is true.

P(k+ 1); 230k+1)— 1

=23k 231

=8(7m+1)-1

=56m+7

=7(8m + 1), which is divisible by 7.

Thus, P(k + 1) is true whenever P(Kk) is true.

So, by the principle of mathematical induction P(n) is true for all natural numbers n.

Q5. n® - 7n + 3 is divisible by 3, for all natural numbers

Sol: Let P(n): n® — 7n + 3 is divisible by 3, for all natural numbers n.
Now P(I): ()2 = 7(1) + 3 = -3, which is divisible by 3.

Hence, P(l) is true.

Let us assume that P(n) is true for some natural number n = k.
P(k) = K® — 7k + 3 is divisible by 3

ork3-7k+3=3m, meN (i)

Now, we have to prove that P(k + 1) is true.



P+ 1):(k +1)3 = 7(k+1) +3

=k3+1+3k(k+1) = 7k—=7+3=k3-7k + 3+ 3k(k + 1)-6

= 3m + 3[k(k+)-2] [Using (i)]

=3[m + (k(k + 1) = 2)], which is divisible by 3 Thus, P(k + 1) is true whenever P(k) is true.
So, by the principle of mathematical induction P(n) is true for all natural numbers n.

Q6. 32" - 1 is divisible by 8, for all natural numbers

Sol: Let P(n): 32" — 1 is divisible by 8, for all natural numbers n.

Now, P(l): 32 — 1 = 8, which is divisible by 8.

Hence, P(l) is true.

Let us assume that, P(n) is true for some natural number n = k.

P(k): 3% - 1 is divisible by 8

or 3%-1=8m meN (i)

Now, we have to prove that P(k + 1) is true.

P(k+ 1): 32k+1)— |

=3%. 32 —1

=9(8m+1)-1 (using (i)

=72m+9 -1

=72m+8

=8(9m +1), which is divisible by 8 Thus P(k + 1) is true whenever P(k) is true.
So, by the principle of mathematical induction P(n) is true for all natural numbers n.

Q7. For any natural number n, 7" — 2" js divisible by 5.

Sol: Let P(n): 7" — 2" is divisible by 5, for any natural number n.
Now, P(I) = 71-2" = 5, which is divisible by 5.

Hence, P(l) is true.

Let us assume that, P(n) is true for some natural number n = k.

! P(k) = 7% -2Xis divisible by 5

or 7% -2K=5m, meN (i)
Now, we have to prove that P(k + 1) is true.

P(k+ 1); 7541 2K+

= 7%-7-2K-2

= (5+2)7k-2k-2

= 57K+ 2.7k2-2K

=575+ 2(7¢ - 25

=5.75+2(5m) (using (i)

= 5(7% + 2m), which divisible by 5.



Thus, P(k + 1) is true whenever P(Kk) is true.

So, by the principle of mathematical induction P(n) is true for all natural numbers n.

Q8. For any natural number n, x" -y" is divisible by x -y, where x and y are any integers with x #y
Sol: Let P(n) : x" — y"is divisible by x — y, where x and y are any integers with x#y.
Now, P(I): x -y" = x-y, which is divisible by (x-y)

Hence, P(l) is true.

Let us assume that, P(n) is true for some natural number n = k.

P(k): XX -yK is divisible by (x — y)

or xkyK=m(x-y)m e N (i)

Now, we have to prove that P(k + 1) is true.

P(k+|).’Xk+Lyk+l

= xKxxkoy + xKoy-yKy

= XK(xy) +y(x*y¥)

=x(x = y) +ym(x —y) (using ())

= (x -y) [X*+ym], which is divisible by (x-y)

Hence, P(k + 1) is true whenever P(Kk) is true.

So, by the principle of mathematical induction P(n) is true for any natural number n.

Q9. n3 -n is divisible by 6, for each natural number n2

Sol: Let P(n): n® — n is divisible by 6, for each natural number n> 2.
Now, P(2): (2)% -2 = 6, which is divisible by 6.

Hence, P(2) is true.

Let us assume that, P(n) is true for some natural number n = k.
P(K): k® — k is divisible by 6

or k3-k=6m,meN (i

Now, we have to prove that P(k + 1) is true.

P(k+ 1): (k+ )3-(k+ 1)

= K3+ 1 +3Kk(k+ )-(k+ 1)

= k3+ 1 43k? + 3k-k- T = (k%K) + 3k(k+ 1)

=6m+ 3 k(k+1) (using (i))

Above is divisible by 6. (= k(k + 1) is even)

Hence, P(k + 1) is true whenever P(k) is true.

So, by the principle of mathematical induction P(n) is true for any natural number n,n= 2.



Q10. n(n? + 5) is divisible by 6, for each natural number

Sol: Let P(n): n(n? + 5) is divisible by 6, for each natural number.

Now P(I): 1 (I? + 5) = 6, which is divisible by 6.

Hence, P(l) is true.

Let us assume that P(n) is true for some natural number n = k.

P(K): k( k? + 5) is divisible by 6.

or K (k?+ 5) = 6m, me N (i)

Now, we have to prove that P(k + 1) is true.

P(K+H):(K+D[(K+1)Z + 5]

= (K + )[K2 + 2K+6]

=K3+3K?+8K+6

= (K?+5K) + 3K? + 3K+ 6 =K(K? + 5) + 3(K? + K + 2)

=(6m) +3(K2+K+2)  (using (i)

Now, K2 + K + 2 is always even if A is odd or even.

So, 3(K? + K + 2) is divisible by 6 and hence, (6m) + 3(K? + K + 2) is divisible by 6.
Hence, P(k + 1) is true whenever P(k) is true.

So, by the principle of mathematical induction P(n) is true for any natural number n.

Q11. n%2< 2", for all natural numbers n 2

Sol: Let P(n): n? < 2" for all natural numbers n= 5.

Now P(5): 5% < 2% or 25 < 32, which is true.

Hence, P(5) is true.

Let us assume that P(n) is true for some natural number n = k.

= P(K): k? < 2% (i)

Now, to prove that P(k + 1) is true, we have to show that P(k+ 1): (k+ [)2 <2k*

Using (i), we get

(k+D)2=K2+2k+1<2K+2k+1 (ii)

Now let, 2K+ 2k + 1< 2671 (jii)

22K+ 2k +1 <2 2K

2k + 1 < 2% which is true for all k > 5 Using (ii) and (iii), we get (k + )2 < 2€*T Hence, P(k + 1) is true whenever
P(k) is true.

So, by the principle of mathematical induction P(n) is true for any natural number n,n2 5.

Q12. 2n<(n + 2)! for all natural numbers

Sol: Let P(n): 2n < (n + 2)! for all natural numbers n.
P(1):2<(1+2)or2<3lor2<6,whichis true.

Hence,P(l) is true.

Let us assume that P(n) is true for some natural number n = k.



P(k) :2k<(k +2)! (i)

To prove that P(k + 1) is true, we have to show that
Pk+1):2(k+ 1)< (k+1+2)!

or 2(k+ 1) < (k + 3)!

Using (i), we get

2(k+1) = 2k + 2<(k+2) ! +2 (ii)

Now let, (k +2)! + 2 < (k + 3)! (iii)

=> 2 < (k+3)! = (k+2) !

=>2 < (k+2) ! [k+ 3-1]

=>2<(k+ 2) I (k + 2), which is true for any natural number.
Using (ii) and (iii), we get 2(k + 1) < (k + 3)!

Hence, P(k + 1) is true whenever P(k) is true.

So, by the principle of mathematical induction P(n) is true for any natural number n.



1
13. \/_ J_ \/— Formm e J_ for all natural numbers n > 2.

1
Sol. Let P(n) : Jn<— J_ \/..+ ot —= \/_ for all natural numbers n > 2.

P(2): {2 &— J_ J_ which is true.

Hence, P(2) is true.
Let us assume that P(n) is true for some natural number n = k

1
P(k):\k < — J J” e (i)
To prove that P(k + 1) is true, we have to show that
1 1 1 1
Pk +D):Jk+l1<—=+—=+-+—+
VI V2 Vi Jk+1

Now, _l._ I L !

J]-+ﬁ+“.+ﬁ+ ,——k+]
I
>k + g ~ [Using (]

k+1 : 1 >0
,/k +1
Hence, P(k + 1) is true whenever P(k) is true.

So, by the principle of mathematical induction P(n) is t;rue for any natural
number n, n > 2. :

Q14. 2 + 4 + 6+... + 2n = n? + n, for all natural numbers

Sol: LetP(N) 2+ 4+ 6+ .+2n=n’+n

P(I): 2 =12+ 1 =2, which is true

Hence, P(I) is true.

Let us assume that P(n) is true for some natural number n = k.
ZPK):2+4+6+ ., 42k =k?+k (i)

Now, we have to prove that P(k + 1) is true.
Pk+D)2+4+6+8+ . +2k+2 (k+1)

=k?+k+2(k+ 1) [Using (i)]



=k?+k+2k+2

= k? + 2k+1+k+1

=(k+1)2+k+1

Hence, P(k + 1) is true whenever P(Kk) is true.

So, by the principle of mathematical induction P(n) is true for any natural number n.

Q15.1+2+22+..+2"=2"*1 - 1 for all natural numbers

Sol: Let P(n): 1+ 2+ 22+ ..+ 2"=2"*1 — 1 for all natural numbers n
P(1):1=20%"1—1=2—1=1, whichis true.

Hence, ,P(1) is true.

Let us assume that P(n) is true for some natural number n = k.

P(K): 142 + 22+ 42K = 2k+1| (i)
Now, we have to prove that P(k + 1) is true.

P(k+1): 142 + 2%+ 42K + 2K+
= 2K+ — 1 4+ 2K*T [Using (i)]
=2.2K1-1=1

_ okt 1)+ 4

Hence, P(k + 1) is true whenever P(k) is true.
So, by the principle of mathematical induction P(n) is true for any natural number n.

Q16.1+5+9+ ...+ (4n - 3) =n(2n - 1), for all natural numbers
Sol: LetP(n): 1T+ 5+ 9+ ..+ (4n - 3) =n(2n — 1), for all natural numbers n.
P(1):1=1(2x1-1)=1,whichis true.

Hence, P(l) is true.

Let us assume that P(n) is true for some natural number n = k.

o P(K):+5 + 9 +. +(4k-3) = k(2k-1) (i)

Now, we have to prove that P(k + 1) is true.

Pk+1):1+5+9+ ..+ (4k-3) + [4(k+ 1) - 3]

= 2k? -k+4k+ 4-3

=2k? +3k+ 1

= (k+ 1)(2k + 1)

= (K#D[2(k+)-]

Hence, P(k + 1) is true whenever P(Kk) is true.



So, by the principle of mathematical induction P(n) is true for any natural number n.

Long Answer Type Questions

Q17. A sequence ay, ay, as, ... is defined by letting a;=3 and ax = 7ax—1 for all natural numbers k= Show that
a, =3+ 7™ for all natural numbers.

Sol: We have a sequence ay, as, as... defined by letting a, = 3 and ay = 7ax—1, for all natural numbers k2.

Let P(n) : a,=3-7"~" for all natural numbers.
Forn=2,a,=3-7 '=3.7"=21
Also,a, =3, a,=Ta;_,

= a;=T-a;=7%x3=21

Thus, P(2) is true.

Now, let us assume that P(n) is true for some natural number n =m. -
P(m):a,=3-7"" (i)

Now, to prove that P(m + 1) is true, we have to show that
Pm+1):a,,,=3-7""""" |
a, . 1=71-a,,1_1@sa,=Ta;_;)
=7-a,
=7.3. "t =3.qm-1+1 [Using (1)}
Hence, P(m + 1) is true whenever P(m) is true.

So, by the principle of mathematical induction P(n) is true for any natural
number n.

Q18. A sequence by, by, by, ... is defined by letting bg = 5 and by = 4 + by—4, for all natural numbers Show
that b, = 5 + 4n, for all natural number n using mathematical induction.
Sol. We have a sequence by, b1, by,... defined by letting bg = 5 and by = 4 + bx—1,, for all natural numbers k.



Sol. We have a sequence by, by, b,, ... defined by letting by=5and b, =4+ b, _,,
for all natural numbers k.

Let P(n) : b, = 5 + 4n, for all natural numbers

Forn=1,b,=5+4x1=9

Also by =5

& by=4+by=4+5=9

Thus, P(1) is true.

Now, let us assume that P(n) is true for some natural number n = m.
P(m):b,=5+4m (1)

Now, to prove that P(k + 1) is true, we have to show that
Pm+1):b,,,=5+4(m+1)

bp+1=41 by (Asby=4+b;_,)
=4+b,
=4+5+4m=5+4m+1) [Using (i)]

Hence, P(m + 1) is true whenever P(m) is true.
So, by the principle of mathematical induction P(n) is true for any natural
number n.

d
19. A sequence d|, d,, d;, ... is defined by letting d, =2 and d, = %, for all

: 2
natural numbers k 2> 2. Show thatd, = e forallne N.



dy_
Sol. We have a sequence d,, d,, d;, ... defined by letting d, =2 and d, = % ;

2
LetP(n):d, = = Vne N

2 2
P(Z):dz:—E:-.ZT]

: dk—l
A]SO, d[ =2 and dk = T

d 2
s dz:?1=._.2.=1

Hence, P(2) is true.
Now, let us assume that P(n) is true for some natural number n = m.
2

Pm):d,= = __ @)

Now, to prove that P(m + 1) is true, we have to show that
2
(m+1)!
dpy-y _ d, 2 2

m+l m+l mim+1) (m+D)

P(m+1)d,,,, =

dm+l =

Hence, P(m + 1) is true whenever P(m) is true.
So, by the principle of mathematical induction P(n) is true for any natural
number n.
20. Prove that for alln € N,
cos @+ cos(a+ P)+cos(ax+2P)+... +cos[a+(n—-1)f]

el

sin—
2




Sol. Let P(n) : cos at+ cos (o + ) + cos (@ +2P) + ... + cos [+ (n — 1)B]

o5 ()

sin-é
2
1-1 :
cos [a + (T]B}S“’g cos & sinE
Now, P(1) : cos a= B = B ,.1 =Ccos &
sin—z— SinE

Hence, P(1) 1s true.
Now, let us assume that P(n) is true for some natural number n = £,
P(k):cos ax+cos(ax+ B)+cos(a+2B)+... +cos[a+ (k—1)f]

k-1 . kB
cos[a+ — ﬁ]smw—

sin—
2

Now, to prove that P(k + 1) is true, we have to show that

P(k+ 1) :cos a@+cos (ax+ fB)+cos(ax+2B)+ ... +cos [a+ (k—1) B
+cos[a+ (k+1-1)8]

cos[o: + %) sin ———(k ;l)ﬁ
) sin-g

cos @+ cos (a+ P)+cos (ax+2P)+ ... +cos [a+ (k- 1)B] + cos (a+ kf)

e
COos| O + T 5111?
= 3 + cos(a@ + kf3) [Using (1)]

sin —
2




. cos [o: + (%) ﬂ} s,in%{i + cos(a + k) sing
i B

sin —

e
+sm(a+kﬁ+ ) sin[a+kﬂ E)

. B
2 iy
Sll'l2

~ Sin(“"' kB + g) - sin(a - g)
i B

2sin—
2

2905';‘(‘1+kﬁ+§+a“g)sin%(a+kﬁ+§-a+§)
2$inE
coS (@] sin (#) cos [a + %) sin(k + l)g

) B B B

sin — sin —
2 3

—_—

Hence, P(k + 1) is true whenever P(k) is true.

So, by the principle of mathematical induction P(r) is true for any natural
number 7.



sin 2" @

21. Prove that cos 8 cos 20 cos 2°8cos 2"~ ' = ————,V neN.
2"sin 6
' sin 2"@
Sol. Let P(n): cos 8¢cos20..cos2" ' 9= 1,, -
2"sin @

sin2'@ sin20 2sin@cos @
2'sin@ 2sin® 2sin @

P(1): cos 8= =cos 6, which is true.

Hence, P(1) is true.

Now, let us assume that P(n) is true for some natural number n = k.
sin 20

2¥sin @

o P(k): cos @ cos 20cos2° 6 ...cos 2"~ 9=

To prove that P(k + 1) is true, we have to show that
s' 2k+19
P(k+1): cos Bcos 28 cos 2° Bcos 2" Bcos 2" 6= —kul,%
2" sin @
Now cos @cos 20 cos 2 @cos 25 ' cos 2F 0
_ sin2*@
2*sin @

cos 2¢ 6 [Using ()]

_2sin2"0cos 2“0
2.2%sin@

_sin2-2*6 _sin2%**Vg
- 2k+l

2k+l

sin @ sin 6

Hence, P(k + 1) is true whenever P(k) is true.



: nesin(n+l)9

sin
22. Prove that, sin @+sin20+sin30+ ... +sinn@= 2 4 , forall
sin—
2
ne N
sin L sin (z+1) e
Sol. Let P(n) : sin 0+ sin 20+ sin 36 + ... + sin nf=. 2 forall
sin—
. 2
ne N . -
sinﬁ-sin i+ 1)9 sinE -sin 6
P(1):sin § =—2 : 9—% =— 2 5——=sin0
sin— sin—
2 2
Hence, P(1) 1s true.
Now, let us assume that P(n) is true for some natural number n = k.
. kO . [ k+ 1)
| s.m?sm T 6
~ P(k) : sin @+ sin 20+ sin 30+ ... +sin k@ = 9 (i)

sin—
2



Now, to prove that P(k + 1) is true, we have to show that
P(k+1):sin@+sin20+sin36+ ... +sink@+sin(k+1) 0

sin (k+l)esin(k+l+l)9
_ 2 2

Sin —
2

sin 8+sin20+sin30+ ... +sink@+sin(k+1) 86

. k8 . (k+1)
Sin —-Ssin 6
2 2

sin—
2

+sin(k + 1)@ [Using(i)]

sin f—q-sin(k—+—1-)9 +sin(k +1)8 - sing
_ 2 2 2

sin —
2



cos[ke _(k +i)9]_ms[k9 . (k +1]9}
2 2 2 2
+cos[(k - l)G——g]—vcus[(k +1)6+g]

25;i1:1E
2

cosg — cns(kﬂ + -9—) + cus(kﬂ + E) - cns(kﬁ + E)
2 2 2 2

2 sing
2
cosg - cos(kﬂ + 3—9-)
N 2

2 sin —
. 2
Zsinl(§+k9+E)-5inl[k9+1€_gj
2\2 2 2 z 2
e

2 sin—
2

; (k9+29) : [k8+9]
sin - sin
2 2 ik

"
sin—

sin(k + l)g sin(k +1+ I}g

sin —
2

Hence, P(k + 1) is true whenever P(k) is true.

So, by the principle of mathematical induction P(n) is true for any natural
number 7.



5 3

23. Show that n? 3 % @ ?—: is a natural number, for all n € N.

n n In
Sol. Let P(n): 3 + -3-+ E is a natural number, for alln € N.

5 13

P(1): F, +1— + U, = Sk 1 = E: 1, which is a natural number.
5 3 15 15 15

Hence, P(1) is true.

Let us assume that P(n) is true, for some natural number n = k.

'S
Pk)y: —+—+ s is natural number (1)
5 3 15 -

Now, we have to prove that P(k + 1) is true.
(k +1)° .\ (k +1) L+

Pk +1):

3 15
_EASK 100041067 +5k+1 K +1+3K 43k Tk +7
5 3 15
Kk Tk Sk*+10k° +10k* +Sk+1 3k +3k+1 7
e i TS + +
5 3 15 5 3 15 .
5 3
BT L PE POTC B FEER. TR L P
5 3 15 5 3 15
5 3
S T K R+ 2k 41
5 3 15
which is a natural number [Using (i)]

Hence, P(k + 1) is true whenever P(k) is true.

So, by the principle of mathematical induction P(n) is true for any natural
number n.



24. Prove that 1 + 2 +- 4 2, > —li, for all natural numbers n > 1.
n+l n+2 2n 24
1 1 1 13
Sol. Let P(n): + +:+++—>— for all natural numbers n > 1.
n+l n+2 2n" 24’
ey P2): 1 1 13

>
2+1 2+2 24
1 1 13 4+3 13

—4—> >
3 4 24 12 24

= —Z->E which 1s true.
127 24°

Hence, P(2) is true.
Let us assume that P(n) is true, for some natural number n = k.
1 1 13

P(k): +ot—>—
k+l k+2 2k 24

Now, to prove that P(k + 1) is true, we have to show that

Pk +1): l 1 +eee . + 1 :>13
k+1 k+2 2k 2(k+1) 24
1 1 1 1 13 1 13

+ +—+ >—+ >
k+1 k+2 2k 20k+1) 24 2(k+1) 24

{ l :>0]
2(k+1)

So, by the principle of mathematical induction P(n) is true for any natural number rt,n> 1.

Hence, P(k—+ 1) is true whenever P(k) is true.

Q25. Prove that number of subsets of a set containing n distinct elements is 2", foralln €

Sol: Let P(n): Number of subset of a set containing n distinct elements is 2", for all ne N.

For n =1, consider set A = {1}. So, set of subsets is {{1}, @}, which contains 2" elements.

So, P(1) is true.

Let us assume that P(n) is true, for some natural number n = k.

P(k): Number of subsets of a set containing k distinct elements is 2% To prove that P(k + 1) is true,



we have to show that P(k + 1): Number of subsets of a set containing (k + 1) distinct elements is 2<*"
We know that, with the addition of one element in the set, the number of subsets become double.
Number of subsets of a set containing (k+ 1) distinct elements = 2x2k = 2K+

So, P(k + 1) is true. Hence, P(n) is true.



