Chapter 4 — Principle of Mathematical Induction
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Question 1:

Prove the following by using the principle of mathematical induction for all n € N:
(31: _ Il

2

1+3+3 +..+3""' =

Answer:

Let the given statement be P(n), i.e.,
(3"-1)

P(n):1+3+3%+..+3"1= 2

Forn =1, we have

(3'-1)_3-1_2

P(1):1= 2 2 2 which is true.

Let P(k) be true for some positive integer k, i.e.,

i , 3* —1]
1+3+3 +..+3 ‘=|[ ) (1)

We shall now prove that P(k + 1) is true.

Consider
1+3+324+ .. +3k1gket) =1
=(1+3+32+.. +37) 43K

(-1, 4

= +3 [l_,'ﬁing {il]




Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 2:

Prove the following by using the principle of mathematical induction for all n € N:

. . Y
1-'+2-‘—3-'+...—n‘=f”{’H )
Y 2 !

Answer:

Let the given statement be P(n), i.e.,

. . NIy
P+ 43 4ot =[ ”{’: )
P(n): 2

For n =1, we have

|"21{‘+'}\: ('-ET =1
5 = T = —
PA):13=1=" = / <=4 , which is true.

Let P(k) be true for some positive integer k, i.e.,

. (k(k+1)Y

P +2+3 +...+k =

5
5 = A
We shall now prove that P(k + 1) is true.

Consider

13428433+ . +Kk3+(k+1)°



T +(k+1)° [ Using (i) ]

K (k+1) ;
=T+“+”
kK (k+1)" +4(k+1)
4
(k+1)° [&-‘+4(f{+|}}
4

(k+1)"{k* + 4k +4)

3

-

4
(k+1)" (k+2)

4
(k+1) (k+1+1)
4
”{k+|}{k+|+l}“:
=(13+28433+ . +Kk) +(k+1)% * 2 d

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 3:

Prove the following by using the principle of mathematical induction for all n € N:
1 1 I 2n

+ ..+
(1+2) (1+2+3) (14+2+43+.n) (n+1)

Answer:
Let the given statement be P(n), i.e.,

1 1 1 2n

14 | b =
P(n): 1+2 1+2+43 1+2+3+.n n+l

For n =1, we have

1 2

— :]

2.
P(1):1=1+1"2  which is true.
Let P(k) be true for some positive integer k, i.e.,

1 1 1 2k ]
14+ ——+...4 F ..t = v 1)
1+2 I+2+3 [+2+34+...+4& k+1

We shall now prove that P(k + 1) is true.



Consider

| | 1
+ +...+ + :
[+2 1+2+3 [+2+3+..+k 1+2+3+ +k+(k+1)

=(I+ ] + I +..+ ] ]+ |
1+2 14243 1+2+3+ k) 14243+ _+hk+{k+])

2k . .
2%k, | [Using (i)]
k+1 1+2+3+. . +&k+(k+1)

1 +1
=2, | L2434+, +n="04D)
k+1 (HAJHk+I+U1 2

A
LS = E
2k 2

B 2[kH+H+P

Skl k42 J

2 (k”+2k+l

T (k+DL k2 ]
z{kuf
(k+1)(k+2)
2(k+1)

 (k+2)

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 4:

Prove the following by using the principle of mathematical induction for all n e N: 1.2.3 +
n(n+1)(n+2)(n+3)

284+ ...+nn+1)(n+2) = 4

Answer:
Let the given statement be P(n), i.e.,

n(n+1)(n+2)(n+3)
P(n):1.23+234+...+nn+1)(n+2)= 4

Forn =1, we have



I[I+]]{]+2HI+3}= 1.2.3.4 —6

P(1):1.23=6= 4 4 , which is true.
Let P(k) be true for some positive integer k, i.e.,

_ k(k+1)(k+2)(k+3) (D)
1.23+234+...+kk+1)(k+2) 4

We shall now prove that P(k + 1) is true.

Consider
1.23+234+...+k(k+1)(k+2)+(k+1)(k+2)(k+3)

={1.283+234+ ... +k(k+1)(k+2)}+(k+1)(k+2)(k+3)

=’[‘“‘*'}“;2}“*3}+(n+|]u+2)[ﬁ[+3) [Using (i)]
r"£+l\
4,
(K+1)(k+2)(k+3)(k+4)

;]_
(k+1)(k+1+1)(k+1+2)(k+1+3)

4

=(k+1)(k+2)(k+3)

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 5:
Prove the following by using the principle of mathematical induction for all n € N:
(2n-1)3""+3

4

13423 +3.3 +.. +n3" =

Answer:

Let the given statement be P(n), i.e.,

2n-1)3""+3
13423 433 4. 403 = 2071
P(n) : 4
For n =1, we have
_(21-03"43_ P43 12,
P(1):1.3=3 4 4 4 , which is true.

Let P(k) be true for some positive integer k, i.e.,



. 2k—1)3""+3
|_3+2.3'+3.3"+...+k3*={ i M

We shall now prove that P(k + 1) is true.

Consider
1.3 +2.32+3.3% + ... + k3¢ (k + 1) 3K+

=(1.3+2.3%2+3.3% + .+ k3 + (k + 1) 3K+

(2k-1)3""+3
4

C(2k-1)3 43+ 4(k+1)30

(k+1)3"" [Using (i)]

3 {2k —1+4(k+1)}+3
4
36k +3)+3

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 6:

Prove the following by using the principle of mathematical induction for all n € N:

.
1.:+2.3+3,4+...+n.{ml}:{”(”l;{“ ‘}}

Answer:

Let the given statement be P(n), i.e.,

n(n+1)(n+ 3}:|
3

1.242.3434+..+ n.{ﬂ+1}=[
P(n):

Forn =1, we have



ooy 10D(1+2) 123

P(1): 3 3 , which is true.

Let P(k) be true for some positive integer k, i.e.,

-

k(k+1){k+2
|,2+2.3+3,4+.,...+ﬁc,{k+I]:[ Gl }] e A1)
o
We shall now prove that P(k + 1) is true.
Consider
1.2+23+34+...+Kk(k+1)+(k+1).(k+2)
=[1.2+23+34+...+k(k+1)]+(k+1).(k+2)

Ck(k+1)(k+2)

. ]

+(k+1)(k+2) [Using (i)]

|'l h

:ullnk|3|§+f

(k+1)(k+ 2]{!{ +3)

:{k+nm}1vu&vl+a
3

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 7:

Prove the following by using the principle of mathematical induction for all n € N:
n|4n’ +6n- I]

1.3+3.5+5.7+..+(2n=-1)(2n+1)= ;

Answer:

Let the given statement be P(n), i.e.,

nl4n” +6n—1
1.3+3.5+5.7+...+(2n-1)(2n+1) = f )
P(n): 3

Forn =1, we have

(4.7 +6.1-1) 446-1 9 _
= ===3

P(1):1.3=3= -
3 3 3, which is true.

Let P(k) be true for some positive integer k, i.e.,



k(4k* +6k—1)

-
3

1.3+3.5+5.7+..+(2k-1)(2k+1)= (i)

We shall now prove that P(k + 1) is true.
Consider

(1.3+35+57+...+2k=1)2k+1)+{2(k+1)—-1{2(k+ 1) + 1}

k(4K +6k-1)

+(2k+2-1)(2k+2+1) [Using ()]

k(47 +0k-1)
B 3

Illi'“ Cy-
_ A+ 64 ]}+(4¢3—3x +3)

h |

+(2k+1)(24 +3)

k(4 + 6k 1)+ 3( 4k + 8k +3)

-

3

A6k — k1247 + 24k 49

]
)

46"+ 18k +23k+9
B 3

A+ 1475+ 9k + 447 + 14k +9
) 3

k(45 + 14k +9)+1(4k° +14k+9)
) 3
(R HT)(4KT 14k +9)

3

(k+1){4k" +8k +4+6k +6-1|

(k+1){4(#° +1;k+|}+{i{k+l]—l}
- 3
(ke 1){d(k+1) +6(k+1)-1]

3
Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 8:

Prove the following by using the principle of mathematical induction for all ne N: 1.2 + 2.22 +
322+...+n2"=(n-1)2™1 4+ 2



Answer:

Let the given statement be P(n), i.e.,
P(n):1.2+222+322+ ... +n2"=(n-1)2™" 4+ 2

For n =1, we have
P1):1.2=2=(1-1)2""+2=0+2=2, which is true.
Let P(k) be true for some positive integer k, i.e.,
1242224322+ . +k2=(k=-1)2Kk*1+2 .. ()

We shall now prove that P(k + 1) is true.

Consider

1.242.2° +3.2° 4.+ &2} +(k+1)- 2

=(k-1)2"" +2+(k+1)2""
=2 (k-1)+(k +1)}+2

={(k+1)-1}2""F 4+ 2
Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 9:

Prove the following by using the principle of mathematical induction for all n € N:

11 1 1 I
F—+—+.+—=1-=
2 4 3B 2’ 2"

Answer:

Let the given statement be P(n), i.e.,

P(n): 2 4 8 o 2"

Forn =1, we have

1 1
P(1): 2 2" 2 which is true.

Let P(k) be true for some positive integer k, i.e.,



]+I+]+ +1—I : i
2 4 8 T 2p 2 =W

We shall now prove that P(k + 1) is true.

Consider

=[|— ]; ]+ ], [Using (i)]

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 10:

Prove the following by using the principle of mathematical induction for all n € N:
1 1 | 1 "

+——+ +..+
25 58 8.1 [31?—1}{31?+E} (ﬁr.r+4]

Answer:
Let the given statement be P(n), i.e.,

| ] 1 1 I
+ +—t...+ =
25 58 811 [31?—1}{31?+2} (ﬁr.r+4}

P(n):
Forn =1, we have

1 I I

10 6.1+4 10, which is true.

I’{I}=%

Let P(k) be true for some positive integer k, i.e.,

1 | I k

+ +...+ = A1)
8 811 (3k-1)(3k+2) o6k+4

]
—+
2.

L[]
L1

We shall now prove that P(k + 1) is true.



Consider

1 | | |
e e P + -
25 58 8.11 (3k=1)(3k+2) {3(k+1)=1}{3(k+1)+2|
I I
. + Using (i
6k+4 (3k+3-1)(3k+3+2) [Using @)
__k |
6k+4  (3k+2)(3k+5)
k |

2(3k+2)  (3k+2)(3k +5)

b (k1 ]
(Gk+2)\ 2 3k+5

1 (k(3k+5)+2)
C(3k+2) 2{35-+5}J

"

1 (3K +5k+2
- (3k+2)| 2(3k+5) |
o "[3ff+2}(ff+|)“|
(3k+2)1  2(3k+5)
_(k+1)
T 6k+10

o (k+1)
C6(k+1)+4

Thus, P(k + 1) is true whenever P(K) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 11:

Prove the following by using the principle of mathematical induction for all n € N:
| N | l .IJ'{H +3}

1
+ +.. =
1.2.3 234 345 n{r.r+l:|[n+2} 4{H+|}{H+2}

Answer:

Let the given statement be P(n), i.e.,

I I | I n(n+3)
+ +ot =
123 234 345 n(n+1)(n+2) 4(n+1)(n+2)

For n =1, we have



1 1(1+3) 14
P['}'1-2-3_4{1+|}{1+z]_4-2-3_1-*-3

, which is true.
Let P(k) be true for some positive integer k, i.e.,

| | 1 ! k(k+3)
+ +..+ =
1:2:3 2:3:4 3:.4.5 7 k(k+1)(k+2) 4(k+1)(k+2)

We shall now prove that P(k + 1) is true.

Consider

| | ! |
[|-z-3+2-3-4+3-4-5+ “““ +k{k+|]{k+2J+{k+1]{k+2}{k+3}
= A.UHS] l sing (i
“ (k) A-+2}+{k+|] (k+2)(k+3) [Using ()]
L [k(k#3), }
“nr2)|” 4 k+3
| k(k+3) 4]
[

k+l}{fc+2} 4(k+3)

[ k(K +6k+9)+4
~(k+1)( A+2}1 4(k+3)

k4 6k +9£+4}

—_—
o,

4(k+3)

k4267 + k4 4k° +8R+4L

2)|
&
T (k1) (k+2) | 4(k+3) J
I
l

k(K +2k+1)+4(K + 2k +1)|

T (k+1)(k+2) 4(k+3) J‘
~ 1 k(k+1) +a(k+1)°
C(k+1)(k+2) 4(k+3)

_ (k+1)'(k+4)
h+1)(k+2)(k+3)

(k1) {(k+1)+3)

Ca{(k+1)+1H{(k+1)+2}

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.
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Question 12:

Prove the following by using the principle of mathematical induction for all n € N:

il |_| r:ll{;-“ _I}
a+ar+ar +.+ar’ = |
p—

Answer:

Let the given statement be P(n), i.e.,

u{r" 1)

P(n):a+ar+ar’ +..+ar"™ =———

r—1
Forn =1, we have
alr' =1
P{I]:a={‘—]}=a
(r=1) . which is true.

Let P(k) be true for some positive integer k, i.e.,

a+ar+ars +..... +ar’ " = . A1)

We shall now prove that P(k + 1) is true.

Consider

{” Far+ar’ + ... Far' I} T

:M+m"‘ [Uﬁing{iﬂ

r

ri[r'J —]]—I— ar* (r—1)

r—1
u(r“ - ]}+ ar'™ —ar'
r—1
_m’* a+ar —ar
- =1
_m'“—u
-
a(r“ 1)
r=1

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.



Question 13:

Prove the following by using the principle of mathematical induction for all n € N:

i

|I 1+%Ml+§j][l +%)|:I+M] =(n+ I):

. ; "

Answer:
Let the given statement be P(n), i.e.,

0 (13)[ 13 14214220 ey

% \

Forn =1, we have

b

P(l]:flij
o

Let P(k) be true for some positive integer k, i.e.,

(1*%][Hg][]+%],,,[|+{Eijl]]={ﬂ-+1}z -~ (1)

We shall now prove that P(k + 1) is true.

4=(1+1)" =27 =4, which is true.

Consider

ot

Jf]l]t{a)mi g ]

L

W

=(k+1) |1+ j{{iigt ‘ [ Using(1) ]

s (1) +2(k+1)+1
~(k+1) (k+1)° ]

:(&+|]1;2(,&+1}+1
={{k+- 1)+ I]:

Thus, P(k + 1) is true whenever P(K) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 14:

Prove the following by using the principle of mathematical induction for all n € N:

|::1 +H[| +i\f1 —%]...{l+l]:{n+]]

2,-'\ "



Answer:

Let the given statement be P(n), i.e.,

A AT BT 1
Pin): 1+—] I+ || 1+—= ...[I+— =(n+l
({1 e |13 {1 = )
Forn =1, we have

P{I}:[HH:Z:{H]]

, Which is true.

Let P(k) be true for some positive integer k, i.e.,

"U-):[l+:-'|[l%][‘*ﬂ--[”ﬂ#k“] (1)

h!
&

We shall now prove that P(k + 1) is true.
Consider

_I"’ 4 ’ .

l—r] (]-I—] I+l]...[l+]][]+ ] ]

L. 1) 2 i)k k+1

1

=({k+1) 1+ Lsing (1
(ke ) [Using (1)

wafty

b

=(k+1)+1
Thus, P(k + 1) is true whenever P(K) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 15:

Prove the following by using the principle of mathematical induction for all n € N:
n(2n—1)(2n+1)

P+3 45 +..+(2n-1)" = .

Answer:
Let the given statement be P(n), i.e.,

2 _ n(2n-1)(2n+1)

P(n)=1"+3"+5 +..+(2n-1) 3

Forn =1. we have

, {2.1=-1}{2.1+1 1.3 C
P(I]=I'=I= { _}_{ }:]l =1, which is true.

A -




Let P(k) be true for some positive integer k, i.e.,

P(k)=12+32+5 4.+ (2% 1) = A'[jk_';(ﬂ'“] (1)

We shall now prove that P(k + 1) is true.

Consider

(14374574 (k1) |+ [2(k+1)-1)]

k(zk—|g(2k+1}+m+2_l): [Using (1)]

k(2k—1 {2k+1}_!_{2ﬁ_ )
k

)
3
)(2k+1)+3(2k+1)°

-]
2

(2k+1){k(2k-1)+3(2k +1)]

(2k-

-

_{2k+t){2&*—‘ﬂ-+6&+3}
(2k +1){2k° + 5k +3]
3
(2k +1){24% + 2k + 3k + 3|
3
(2k +1) {2k (k+1)+3(k+1)]
3
(2k+1)(k+1)(2k +3)
3
(k) 2(k+ 1) -1} {2(k+1)+1}

=
e )

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 16:

Prove the following by using the principle of mathematical induction for all n € N:
I_+L+ | - | - n
771007 (3n-2)(3n+1) (3n+1)

14 47

Answer:

Let the given statement be P(n), i.e.,



(}_TL L I _n

147 477700 T Gr=2)@Gn+1) (Bn+)
For n=1. we have
| 1 1

P(1) :—=—=—:L. which is true.
1.4 31+1 4 14

Let P(k) be true for some positive integer k, i.e.,

P(,ﬁ'}:i+i+—] + ..+ ] = k (|J
1.4 47 7.1 {3#‘—2][3#+]} 3k +1

We shall now prove that P(k + 1) is true.

Consider

JLE R U !
]1.4 47 710 7 (3k- 2}{J£+|} B(k+1)=2H3(k+1)+1}

d : [Using (]}]

T 3k+l { 3k +1)(3k + 4)

{3£+I {“(3“4}
L m+4}+|}

(k+1)| (3k+4)
1|3 +ak+1
(Gk+1)| (3k+4)

_ 1 f:.ai"+gk+!«:+ll
(Bk+1)|  (3k+4) |
(3k+1)(k+1)

T (Gk+1)(3k+4)

- (k+1)

3(k+1)+1

Thus, P(k + 1) is true whenever P(K) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 17:
Prove the following by using the principle of mathematical induction for all n € N:
1 1 1 "

et o
35 57 7. {E:1+1}{2n+3} 3(3n+3}

Answer:



Let the given statement be P(n), i.e.,

] 1 | | i

s =

3.5 57 79 7 (2n+1)(2n+3) 3(2n+3)

P(n):

For n =1, we have
P{I}:L=]—=L

19
3.5 3(2.1+3) 33 Wwhich is true.

Let P(k) be true for some positive integer k, i.e.,

[N B | k
P(k): —+—+-=+... = (1
(k) 3557 19 +[2k+|](2k+3} 3(2k +3) )

We shall now prove that P(k + 1) is true.

Consider

L1 | |
3.5+5.?+?y+..-+{2k+1]{2ﬂ'+3}]+{2{k+|]+1}{2{k+l]+3]

! ._
{21{4—3!4—{23{ +3)(2k+5) [meg {I}]

[
=
L

I |k |
" (2k+3) 3+[2k+5}}
] k(2k+5)+3
(2k+3)| 3(2k+5

1 [ 2k +5k+3
(2k+3)| 3(2k+5)

o :2:’\':+2k+3i;+3
C(2k+3)| 3(2k+5)
L1 [ 2k(k+1)+3(k+1)
C(2k+3)| 3(2k+5)
(k+1)(2k+3)

32k +3)(2k +5)

- (k+1)
3{2(k+1)+3)

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 18:



Prove the following by using the principle of mathematical induction for all n € N:

1 \2
1I2I3+._.H:-::a{2nllj'l'

Answer:

Let the given statement be P(n), i.e.,
) | Y

P(r):1+243+. .4 n{g{_inﬂ}'

1<L(2.1+1) =

It can be noted that P(n) is true for n = 1 since &

9
H-

Let P(k) be true for some positive integer k, i.e.,
uzl.__-;f-:;{zkn}’ - (1)

We shall now prove that P(k + 1) is true whenever P(K) is true.

Consider

(1424, k) + (k4 1}-::;{25.- F1) 4+ (k+1) [ Using(1)]

{é[[lr’wlf +E(+’f+]}}

< ks ak 148k 48]
gl

e |

L (. 2
r;B-I__{k—I}H}

{I+1+3+___+k}+[k+I]{l{2k+l}: +(k+1)
Hence, 8

Thus, P(k + 1) is true whenever P(K) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 19:

Prove the following by using the principle of mathematical induction for all ne N: n (n + 1) (n+
5) is a multiple of 3.

Answer:



Let the given statement be P(n), i.e.,

P(n): n (n + 1) (n + 5), which is a multiple of 3.

It can be noted that P(n) is true forn =1 since 1 (1 + 1) (1 + 5) = 12, which is a multiple of 3.
Let P(k) be true for some positive integer k, i.e.,

k (k+ 1) (k + 5) is a multiple of 3.

~K(k+1)(k+5)=3m,wheremeN ... (1)

We shall now prove that P(k + 1) is true whenever P(K) is true.

Consider

(k+D)f(k+1)+1H(k+1)+5}

= (k+1)(k+2){(k+5)+1}

=(k+1)(k+2)(k+5)+(k+1)(k+2)

= {k(k+1)(k+5)+2(k+1)(k+5)}+(k+1)(k+2)

=3m+(k+1)f2(k +5)+(k+2)]
=3m+(k+1)§2k +10+k +2}

=3m+(k+1)(3k +12)

=3m+3(k+1)(k+4)

= 3{m+{_a’f +1)(k+4)} =3xg. where g = {m+{_k +1)( & +4]|} is some natural number
Therefore, (& + I}{[ﬁ: +l]+l}{[k b I]+5} is a multiple of 3.

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 20:

Prove the following by using the principle of mathematical induction for all n e N: 102" =1 4+ 1
is divisible by 11.

Answer:
Let the given statement be P(n), i.e.,
P(n): 102" ~ ' + 1 is divisible by 11.

It can be observed that P(n) is true for n = 1 since P(1) = 1021 =1+ 1 = 11, which is divisible
by 11.

Let P(k) be true for some positive integer k, i.e.,



102K~ 1+ 1 is divisible by 11.

2102~ 141 =11m, where me N ... (1)

We shall now prove that P(k + 1) is true whenever P(K) is true.
Consider

107 4

=10 41

=10""" +1

=107 (107" +1-1)+1

=107 (10%" +1)-10" +1

=10%1 lm =100 +1 [ Using (1) ]
=100x11m =99

=11(100m-9)

=11r, where r =(100m—9) is some natural number

Therefore, 107" +1 is divisible by 11.
Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 21:

Prove the following by using the principle of mathematical induction for all n e N: x®" — y2" is

divisible by x +vy.
Answer:

Let the given statement be P(n), i.e.,

P(n): x2" — y2" is divisible by x + .

It can be observed that P(n) is true forn = 1.

This is so because x2* 1 —y2*1 =x2 _y2 = (x +y) (x —y) is divisible by (x + y).
Let P(k) be true for some positive integer k, i.e.,

2k

x2K — y2K is divisible by x +y.

xK—y?K=m (x +y), whereme N ... (1)

We shall now prove that P(k + 1) is true whenever P(K) is true.

Consider



=y’ {n:{.r+_r)+_1'”}_.1'?: " [Using {lﬂ

=m(x+y)x?+ )y xt .y

=m(x+y)x®+ ™ [J{: _1‘:}

=m(x+y)x*+py* (x+y)(x-y)

= (x+ y)ymx® + 3™ (x- 1}} . which is a factor of (x+ y).
Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 22:

Prove the following by using the principle of mathematical induction for all n e N: 3%"*2 —
8n- 9 is divisible by 8.

Answer:
Let the given statement be P(n), i.e.,
P(n): 32" +2 _ 8n — 9 is divisible by 8.

It can be observed that P(n) is true for n = 1 since 32*1+2 -8 x 1 — 9 = 64, which is
divisible by 8.

Let P(k) be true for some positive integer k, i.e.,

32k +2 _ 8k — 9 is divisible by 8.
.3%K+2_gk_9=8m;wheremeN ... (1)

We shall now prove that P(k + 1) is true whenever P(K) is true.

Consider



3 _g(k+1)-9
3.3 -8k-8-9
(37 -8k —9+8k+9)-8k 17

3_

=37 (37 -8k -9)+3"(8k +9) -8k 17
=9.8m+9(8k+9)-8k 17

=9.8m+ 72k +81-8k -17

=9.8m+ 64k +64

=8(9m+8k +8)

=8r, where r =(9m + 8k +8) is a natural number
Therefore, 3" —8(k +1)-9 is divisible by 8.
Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 23:

Prove the following by using the principle of mathematical induction for all n e N: 41" — 14" is
a multiple of 27.

Answer:

Let the given statement be P(n), i.e.,

P(n):41" — 14"is a multiple of 27.

It can be observed that P(n) is true for n = 1 since 41' =14' =27 which is a multiple of 27.
Let P(k) be true for some positive integer k, i.e.,

41X — 14Xis a multiple of 27

241K - 14K = 27m, where m e N ... (1)
We shall now prove that P(k + 1) is true whenever P(K) is true.

Consider



417 =14

=41"-41-14"-14

=41(41" - 14 +14")-14° .14

=41(41' -14") +41.14" -14" .14

=41.27m+14" (41-14)

=41.27m+27.14"

=27(41m—-14")

=27 =r, where ;'z{illm— I4") is a natural number

k+l1

Therefore, 41°"' =14 is a multiple of 27.
Thus, P(k + 1) is true whenever P(K) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 24:

Prove the following by using the principle of mathematical induction for all ## & N:
(2n +7) < (n + 3)?

Answer:

Let the given statement be P(n), i.e.,

P(n): (2n +7) < (n + 3)?

It can be observed that P(n) is true for n = 1 since 2.1 + 7 = 9 < (1 + 3)2 = 16, which is true.
Let P(k) be true for some positive integer k, i.e.,

2k +7) < (k + 3)% ... (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.
Consider

{2(k+1)+7} = (2k+7)+2

2A2(k+1)+7) = (2k+7)+2<(k+3) +2 (using (1)]
2(k+1)+7 <k’ +6k+9+2

2(k+1)+7 <k’ +6k+11

Now, kX +6k +11 <k’ +8k +16

2 2(k+1)+7 <(k+4)

2(k+1)+7 <f(k+1)+3}



Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.



