Chapter 13 — Limits and Derivatives
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Question 1:

limx+3
Evaluate the Given limit: «*

Answer:

limx+3=3+3=6

Question 2:

[
“‘“'llu

)

lim [x—
Evaluate the Given limit: "

Answer:

) [ 22] 22]
limx——|=|n-——
X—T 'I." -.'r

Question 3:

. o limns?
Evaluate the Given limit: -

Answer:

limar® =n (I ]lj =7

r—+l

Question 4-:

-

o dx 43
lim

Evaluate the Given limit; ©** x—2

Answer:

4x+3  4(4)+3 16+3 19

lim
read g 2 44— 2 2 2
Question 5:
ot +1
lim —————

Evaluate the Given limit:**' x—1



Answer:

lim
r—p—1 I_I _1_1 _2

Question 6:

fim U+~

Evaluate the Given limit: X

Answer:

1im[I+ 1) -1
k=5l ¥

Putx+1=ysothaty - 1asx — 0.

. . [.T+1)'ﬁ—| .oy =1
Accordingly. lim e
o=} X =l J'_]
_ ERR L
=lim !
vl -1
=51
=35
o x+5) —1
I|m( ) =5
sl kY
Question 7:
. 3xT—x-10
lim ———

=

Evaluate the Given limit: ©** x —4

Answer:

_1""+J;'i+l_[—I}“'+{—I]j+| _1-141

-
-

0

At x = 2, the value of the given rational function takes the form U



Question 8:

lim -~ 81

Evaluate the Given limit: *** 2x" —5x—3

Answer:

0
At x = 2, the value of the given rational function takes the form !
Cooxt-s1 o (x-3)(x+3)(x7+9)
Slim———— =lim

32y =5x-3 o (x-3)(2x+1)

— lim l:x+ 3}(1" +9]
=5 2x+l
(3+3)(3°+9)

T 2(3)+1

_ 6x18

e |

Question 9:

lim axc+h
Evaluate the Given limit: **" ex+1

Answer:

lim ax+b _ a(0)+b

=h
0 ex 4+l e(0)+1

Question 10:



lim

z—l

Evaluate the Given limit: zv =1

Answer:

z% —]

lim

z—l

At z = 1, the value of the given function takes the form

PutZ" =X sothatz =1 asx = 1.

. .21 .. xt—1
Accordingly, lim ——=lmm
e R =l oy —
-
=lim
=l xX-
=21 []im'
p——
=2
!
Sim = —=2
2=l - _'I
Question 11:
Caxt +bhr+e
lim Ja+b+e=0

Evaluate the Given limit: **' ¢x” +bx+a

Answer:
ax’ +bx+c nu'[l}2 +h(1)+c
e ox” +hx +a .;-[l]: +h(1)+a

_cr+f:-+¢'

a+b+c
=1 [-:r+ﬁ—|-f:;t{]]

Question 12:

0
0



I
-+

lim £—2
Evaluate the Given limit: " x+2

Answer:
1 1
+
lim £ 2
K=p—2 x+2
0
At x = —2, the value of the given function takes the form U
1 1 2+x
N 9 2x
Now, lim &—= = [im —==
-1 x4 L
= lim L
L 21
b~
2(-2)
Question 13:
. sInax
lim
Evaluate the Given limit: **" bx
Answer:
SN ax
lim
i =pi] blr
0
At x = 0, the value of the given function takes the form 0
MNow, IimS"'l = linn smm- xﬂ
d=pfl f}x Jre=pl
fblll X ] ( o
=lim -
r—pdl ' UT ' hJ
=—|I [slnax] [.‘r—}{]::-m'—}{]]
_4 | lim ——— Sin y =1
h I wik .,1'I
_4a
b

Question 14:



. sinax
lim L. b0

Evaluate the Given limit: **" sin bx

Answer:
. sinax
lim— L. b0
el gin fy
)]
At x = 0, the value of the given function takes the form U .
L ™y
S1n ax
) b4
.osinax . ax
MNow, lim— = lim—— £
e gin by =0 [ sin by
| = b
Y b-": 4
( sinax
PR I|n1|
| o arx —¥il \ ax J X — D’ = ax — []'
\ J Iim'/smbr“} and x — 0= hx — 0
B ":".,_ f}x J

'/(J] 1 . siny
:| % lim =1
b)) 0y

= S~
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Question 15:
Hmsm[ﬂ:—.x}

Evaluate the Given limit: n(m-x)
Answer:
Hmsm[ﬂ:—x}
K= J't[ﬂ:—-";}
Itisseenthatx 2 m= (m—-x) = 0

sin(m—x) 1 sin(m-x)
Sorop(n=x) wlEsee (m-x)

L [ums'“:‘ :1}
T y =i} }.'

Question 16:



l. COs8 X
1m
Evaluate the given limit: “* T—x

Answer:

. cosx cosl ]
lim = =
w i) T—Xx m— {J T

Question 17:
lim cos2x—1
Evaluate the Given limit: **" cosx—]

Answer:
. cos2x—1
hm—
w20 cosx—|
N

At x = 0, the value of the given function takes the form 0|

Now,



lim————=lim

x=ll 'C'DS--T_] el “ _1

cos2x—1 . 1-2sin’x-1 [
1-2s1n”

sm P

. osin” .y
= lim _I 1

l“ v
i v
Slll_ X
Sll'l 2

sin
lim—=
T A
i 2
1° _siny
=4— lim———=1
1° =+ ¥
4
Question 18:
. ax -+ xcosx
lim ———————

Evaluate the Given limit: **  bsinx

Answer:

., X+ XCOSX
lim —————
w0 fhsinx
0
At x = 0, the value of the given function takes the form ¢

Now,

cosx=1-2sin" =

3



ax+xcosx | x(a+cosx)

. sinx
lim =
X0y

lim————=—1lim ;
=0 hsinx b 0 sinx
| © e
=—Iim[ — [xlim{a+cosx)
IJJ ¥—sik sINx a—sl
L ] xlim(a+cosx)
=—®—F i X
h [, sinx) s
lim
L r—»l T A
1
=—x(a+cos0)
h
a+l
b
Question 19:
lim xsecx

Evaluate the Given limit; =0

Answer:
. ; x 0 {
lim xsecx = lim =— ===
il =0 cosx  cos( |
Question 20:
. sinax+ by
lim——

Evaluate the Given limit: * " @x +sin hx

Answer:

At x = 0, the value of the given function takes the form

Now,

aba+bh=0

o | =



. sInax+ bx
lim———
vl gy 4 sin by

51N X
( ]a:r + bx

= lim~—%
) [ sin bx
(X + h_rL

bx
y

(Ijm S me lim {(ax )+ lim bx

av—l ey a—) v—l1

- . [As x — 0= ax — 0 and bx — 0]
. . . sinbx
lim ax+lhim !':.T[hm ]

Fr—dy X

5N X

lim = ]}
x—3ll X

— Ne=pd] K =l )

lim (ax )+ lim bx [

lim aax + lim By

x—¥ll x—xl

lim (ax + bx)

— x—l

~lim (ax + bx)

v—4l)

=hm{(1)

T}

=1

Question 21:

. _ lim(cosec x—cot x)
Evaluate the Given limit: *=¢

Answer:

At x = 0, the value of the given function takes the form® —5,

Now,



lim {cu:&ec r—cot x)

v —all

_I|m| —_——
w0\ sinx  sinx

 (1-cosx
=lim| ———

i sinx

S

=lim————
A0 (am
LooX J
. l—cosx
lim
_ Tl ..T
. sinx
lim
xepll X

. l=cosx 5inx
lim—————=0and lim- =
Tl X Tl X

= ==

Question 22:

. tan2x
lim

Answer:

. tan2x
lim

¥ X =

m 0
¥ = — —_
At 2 | the value of the given function takes the form U
X——=Y x—»E,}f—‘rﬁ
Now, put 2 so that



tan{m+2v
:lim—{ *}
v —»lh W

. tlan2y
=lim

=i} Y

-

[lzmi:?[ + 2}'} = tan 2}]

sin 2y

= lim
v=0y eps 2y

. {sinl}' 2 ]
= lim ¥

vt 2y cos2y
/ )
=| lim sin 23 x]im[ 2 [}'—H]::»Z}'—}ﬂ]
l\z:l.'—i-l.l 2\.‘ y—all .\EU‘SE}
12 [Iimsmle}
cos () i ¢
= IKE
1
=2

Question 23:

2x+3, =1

lim lim {
Find 9 f(x) and = f(x), where f(x) = 3(xet1), x>0

Answer:

The given function is

{Ex+3, x<0
fx) = 3(x+1), x>0
lim £ (x) = lim[2x+3] = 2(0) +3=3
lim f(x) =lim3(x+1)=3(0+1)=3
-l £ (5) =l ()=l ()=

lim f(x) = lim3(x+1)=3(1+1)=6

K=l

lim £ (x)=lim3(x+1)=3(1+1)

lim f (x)=lim f(x) = lim f (x) = 6

)



Question 24:

-1, x=l
lim -1, x>l

Find ' f(x), where f(x) =

Answer:

The given function is

i

-1, x=<1
—x =L x>1

/(x)=

lim f (x)=lim[x* ~1]=1"~1=1-1=0

| a—+l

lim f(x)= Iinll[—.r: —I] =1’ -1=-1-1=-2

x—xl'
It is observed that lim f(x)# lim f(x).
x—+l ' x—sl*

Hence, lim f(x) does not exist,
il

Question 25:

x
Uﬁ x=0
x
lim B
Evaluate " f(x), where f(x) = 0, x=0

Answer:

The given function is

H., x=0
X

H(x) = 0, x=10



= lim _x] [Whenx is negaitve, || = —x]

x| = _r:l

= Iim[i] [When X 18 positive,
x

It is observed that lim f(x)# lim f(x).

x=wll =il

Hence, Iimf{x} does not exist.
x—lk

Question 26:

~lim 0
Find =" f(x), where f(x) ="~

Answer:

The given function is



X

—, x=0
f(x)=1l

0 x=0

. :| [Whenx <, |T| :—x]

lim f(x)= Iim+'i]
=il a—ll |1;|

= lim [E [When x =10, |.1| = _v:l

sty

=lim(1)

¥—aik

It is observed that lim //(x)# lim /(x).
a—+ll

x—+li

Hence, Iim] /(x)does not exist.
il

Question 27:

lim _
Find " f(x), where f(x) =13

Answer:

The given function is f(x) =|x|—5 :

lim f/(x)= lim |:|.1 - S:I
=I_im{[r—5] [When,\:}!}. |x|=x]
—5-5
=0

im /(<) = im (1-5)
=lim(x-5) | When x>0, |x|=x|
=5-5
=1

8 lir£1 flx)= |i1?_ flx)=0

Hence, lim f (x)=0



Question 28:

la+bx, x<1
14, x=1

[e’}—uﬂf =1

lim
Suppose f(x) = and if == f(x) = f(1) what are possible values of a and b?

Answer:

The given function is

a+hx, x<I
flx)=44, v=l
h—ax x>

lim f(x)=lim{a+bx)=a+h

K+l x—+l

lim f(x)=lim(h-ax)=b-a

vl —+l

=4

It is given that lcll'!'ll_,f (x)=F(1).

!.]]:ll'l 7 [1] = 1l_m‘l flx)= I._!]}? f {1} = f(1)
—a+b=4andb-a=4

On solving these two equations, we obtain a = 0 and b = 4.

Thus, the respective possible values of a and b are 0 and 4.

Page No 303:
Question 29:
Let@r as = “rbe fixed real numbers and define a function
f(x)=(xa)(x~a,)..(x~a,)
lim lim

@ # )y Tyenes @

What is “* f(x)? For some " compute = f(x).

Answer:

flx)=(x—aq “j{x—u:},,,[x—aﬂ}.

The given function is-



lim f(x)= lim [[.t—u,}[.r—u:]...[l—ﬂ”]]

] il

~[ (=) [m(e-) | tim(x-a.) |
0

=(a,—a )a -a)).a,—a,)=
sim f(x)=0

Nn;\i:I !\I_I’I:]I f(\) = El_rﬂ I:(,r— a, }(,1'— a, ]...(:r— a, }:I
= I:IJrr:h— a }][!"E (x—a, ]:| |:1LIIH{1 -a, }:|

=(a—a)(a—a)...(a—a,)
slim f(x)=(a—a ) a-a,)..(a—a,)

Ak

Question 30:

¥ +1, x<0
0, x=10
B |,1'—1, x>0

If f(x) =
lim .
For what value (s) of a does = f(x) exists?

Answer:
The given function is

[¢[+1, x<0
f(x)= 0, x=10

|:r| -, x=0

When a =10,
lim f(x) = lim (|x]+1)
=lim(-x+1) [1fx <0,

T3l

.l.'| :—I]
=—0+1
=1

lim f(x)=lim (|x]-1)

il r—®

=lim(x-1) [1fx>0, |x|=x]

=0-1

=1
Here, it is observed that lim /' (x)# lim f(x).

- lim f(x)does not exist.

Tl



When a <0,
lim /()= lim (Js|+1)
“ = 1._:31 (—x+1) [x<a<0= |x|=-x]
=—g+]

]Lﬂl f(x)=lim {r| + ]}

v—war’

=lim(—x+1) [n{x{ﬂ:&» |.‘r =—.vr]

T—¥0

=—a+1

sim f(x) = lim f(x)=-a+]

N+

Thus, limit ﬂt‘f{x]txists at x = a. where a < 0.
When a >0

lim f(x)=lim (|x|-1)

K=

=lim(x—1) [D-:: ,r{u:;=|,r|=x:|

X—*id

=a-1

lim £ (x)=lim (|x|-1)

w=bil Tl

=lim(x-1) [D-:: u-r:x::-|x|=1‘]

Tl
=a-1

s lim _}"{x} = lim .f'{x] =¢a-1

T=il =it

Thus. limit of f (x)exists at x = a, where a > 0.

lim f(x
Thus, -Hﬂf( } exists for all a # 0.

Question 31:

lim F[x}—lzﬂ

If the function f(x) satisfies * ' x -1 , evaluate *~!

Answer:

limf(x)



I\im N =1
132}(1;{};:}_;J—n
lim[x*—1
sl

i»l\i_rn[f{x}—z}=nl.\i_rH{:-13—1}

= Hrrllf{x}—l_lrrlli =10
: Ca
::-Itlr:'rf{x} 2=0
)
|\1IE‘1I I"[x}- 2
Question 32:
mx” +n, x<0
f(x}: nx + m, O=xr=1
3 . lim f(x lim f(x
If ek m, *>1 For what integers m and n does (%) and ( )exist?
Answer:

The given function is

mx” +n, r<0
S(x)=1nx+m, D<x<]
nx’ +m, x>

lim f(x)= lirr&{m.r: +n)

x—all K=l A
= n:{[ﬁl}: +n
=n
lim f(x)= lirril[m'+ n)
vl y—i
=n(0)+m
=Mm.
lim f(x)

Thus, = exists if m =n.



lim f(x)=lim(nx+m)

| x—+l
=n(1)+m
=m+n

lim f(x)=1lim (uf + m}

— —l /
= {1}"' +m
=m+n

!11;r|1 fx)= !il:}'_l flx)= |Llrl'llf{‘l.}

limf(x) _
Thus, exists for any integral value of m and n.
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Question 1:

Find the derivative of x2 — 2 at x = 10.

Answer:
Let f(x) = x2 — 2. Accordingly,
_f'{I{]-I-f?}—_,f'{ID}

F(10)=lim

fi—s _h
[{mmf —2}—(”}2 -2)
= lim
Je—=ll h
O 10P+2.10h+ K =210 +2
= lim
fowll Jr]‘
C 20h+ W
= lim
feeall I|I':|.
= Lim{'_iﬂ+ﬁ}={2ﬂ+ﬂ}= 20

Thus, the derivative of x2 — 2 at x = 10 is 20.

Question 2:

Find the derivative of 99x at x = 100.

Answer:

Let f(x) = 99x. Accordingly,



F(1004A)= £(100)

£7(100) = lim

i) h

_99(100+hk)—99(100)
= lim : :

fr—ali h

99 100 -99H —99 100
= lim

Jr—#ll f_il

.99k

lim—

Jr—=l 7

— 1im(99) =99

Jp=l)

Thus, the derivative of 99x at x = 100 is 99.

Question 3:

Find the derivative of x at x = 1.

Answer:

Let f(x) = x. Accordingly,
f(1+h)- (1)
h

£'(1)=1im-

‘ f1—il

o (1R)-l
Jr—ld }'?

. h
=lim—
Jr—sli IJ'?

=lim(1)

=1

Thus, the derivative of x at x =1 is 1.

Question 4:
Find the derivative of the following functions from first principle.
(i) x3 = 27 (i) (x = 1) (x = 2)

x+1

|
(i) ¥ (iv) x—1
Answer:

(i) Let f(x) = x® — 27. Accordingly, from the first principle,



Fx+h)-f(x)

'!.J{x] N .Illi—rEI]i; b
[{x + a!:lj3 = 2?}— {:':'i - 2?]

= lim

)] }lr

L x w3 h+3xh - X
=lim

Jp—sD) h

LW +3x7h4+3xk
= |_11':|11
= ﬁm{h: +3x" + Bxh}

]

=0+3x" +0=3x"
(i) Let f(x) = (x = 1) (x — 2). Accordingly, from the first principle,
Fx+h)=r(x)

h

F(x)=lim

f1=nik

(x+h=1)(x+h=-2)—(x=1)(x-2)

= lim
fr—i) b
|' (3 +hx—2x+ hx+ I —2h—x—h+2)—(x* - 2x—x+2)
= |lim
fr—si] }Ii"
(m-+h,~:+ W —2h- h)
=lim
Fp—a il h
_ 2hx+h*=3h
= lim
Fr—3i) If-lr
=lim(2x+h -3)
= {2_r+ﬂ—3}
=2x-3
1
f(x)==

(iii) Let o+ | Accordingly, from the first principle,



() ()

) = |
'f {t’:l klm I

| B |

L {r+}}}: X~
-LIEHU h

] [ ¥ —{x+h}:]

L= f?_ J.':{Ji+h}:

1| ¥ ex ok -2
= lim— - .
=0 fy x* [1‘ + h:l_

) —h = 2hx
=lim—| ———
#-0 jy X {x +h)

. —h=2x
= lim| ————
#—+0 L“ I:_r+ J'}]' ]

0-2x -2

TE(xs0f ¥

lf{_x’) =5 ﬂ
(iv) Let x—1_ Accordingly, from the first principle,

vpon o F(x+R)=1(x)
ki {.rli—llm p

fr—sll

(r+h+]_x+]]
| xr+h=-1 x-1

fa—il .Irir

H (x=1)(x+h+1)—(x+1)(x+h-1)
h (x=1)(x+h-1)

= lim

=0l h-

.. _[x3+hx+x—x—h—l)—[x3+h_r—:c+x+h—|]
BT (x-1)(x+h-1)

= Iiml_ —24
=0 fp _{r—l]{x+h— I]

=!.i%|:(x—|]{_j+ﬁ_]}:|

-2 -2

“EDE-) ()

Question 5:

For the function



(LU} _ag

. X X
x)= +—t.t—+x+1
7(x) 100 99 2

71(1)=1007"(0)

Prove that

Answer:

The given function is

10 [ 2
X X

. ] X
= —t—t =t +]
/(%) 100 99 2 i

d . d| M " x°
— f(x)=— 4+ x+]
ey | 100 99 2

d d{x™) dfx” d{x) d d
el “‘FE[ muJ+E[EJ+"'+E[?]+E{”+EU}

I

On using theorem %(x”) =nx""', we obtain

X

if[x}:]mx +qqx' +...+E+I+-:]
c’ 100 99 2

=y +x "+ +x+l

LX) =T T ]

Atx =10,

f(0)=1

Atx=1

()= +1" 4+ =1+ 1+ 1] =1x100 =100

Thus, S(1)=100x £'(0)
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Question 6:

. . . i m—1 1 _n-1 r—1 R .
Find the derivative of ¥ tax +ax ~+..+a xX+da for some fixed real number a.

Answer:

Let fx)=x"+ax""+a’x" " +..+a" 'x+a"



i
wS1(3)= d_(-"" +ax' ! +a'x" o rad  x+a }
X

. d _ .
On using theorem d—x” = nx"". we obtain
s

F(x)y=n""+a(n-1)x"" +a* (n-2)x""+...+a" " +a"(0)

=" +a(n-1)x""+a" (n-2)x""+..+a""

Question 7:
For some constants a and b, find the derivative of

X—=d

(i) (x = a) (x = b) (ii) (ax® + b)? (jii) *—b

Answer:
(i) Letf (x) =(x—a) (x—=Db)
= f(x)=x"~(a+b)x+ab

sf(x) :i{x: ~(a+b)x+ ﬂh)

dx
d; - d d
= E(!r )—{a +F}]£(x}+ E(ﬂh}

. d . i
On using theorem d—[r )= nx""', we obtain
X

S(x)=2x—(a+h)+0=2x-a—b
(i) Let 7 ()= (ar’ +0)

= f(x)=a’x"+2abx’ + b’

e _i:4 2 3=:i4 i':
o f (_T}_d,r(a x4 2abx’ 4+ b ) =a “_(.r }+2ﬂb(h .r}

Fel
o —_
dx

On using theorem di,r" =nx"" . we obtain
'
[(x)=a’(4x7)+2ab(2x)+ b7 (0)
=4a’x +dabx
= dax (a:r: + b}

Lc:_,f'[x):@
(iii) :

=)= 5{555)

(»’)



By quotient rule,

. {.r—b];i (,1‘—u]—(,r—u]i{x—b]
P (x—b)

B0 -(-a))
(x—b)
:x—ﬁ—x+a
(x-b)
~a-b

(x-by

Question 8:

n "

X —da

Find the derivative of ¥ —@ for some constant a.

Answer:
x'—a’
Letf{x)=
f{ ) x—da
s d|x" —a"
= [ {1}=—[ : ]
del x—a

By quotient rule,

(—ay

(s-a)"'—0)(+ -
[x—a]:

_mx —an —x"+a"

{J.‘ -a }:

Question 9:
Find the derivative of

21—§

(i) 4 (i) (5x® +3x = 1) (x = 1)

(iii) x™3 (5 + 3x) (iv) x°® (3 — 6x79)



bl

2 x

(v) x™* (8 — 4x7®) (vi) x+1 3x-1

Answer:
f'{x}=2r—i
(i) Let’ 4
9 3
7 ]_dr[h 4J
d, . d(3
=250 Ma]
=2-0
=2

(i) Let f (x) = (Bx3 +3x — 1) (x — 1)

By Leibnitz product rule,

[5'r1+ x - )J[1—I]+{x—]}i(51j+3.‘c—l)

dy ex

(557 +3x=1)(1) +(x—1)(5.3x" +3-0)
(57 3 =1)+(x=1)(15x7 +3)
Sx 4+ 3x—1+15x" +3x 152" -3

205 =15y +6x—4

(iii) Let f (x) = x~ 3 (5 + 3X)
By Leibnitz product rule,

F(x)= x il (5+3x)+(5+3x) il (.1'_")

dx dx
=x7(0+43)+(5+3x)(-3x)
=x7(3)+(5+3x)(-3x7)
=3x 7 —15x " =9x”
=—6x " —15x"

i
=—3x"| 2+£]
b X

.
=5
= (5+2x)

(iv) Let f (x) = x® (3 — 6x79)

By Leibnitz product rule,



f'(x)=x

X

=x {ﬂ— 6(-9)x~"

}(3 bx

=x'(54x7" )+ 155" =307
=54x7 +15x" —30x7°

=24x7 +15x"

=15x" + 2:‘
X

(v) Let f (x)

=x%(3-4x)

By Leibnitz product rule,

S(x)=x —(3 4x7 ] [3 4x )—{ ]

-

(3

¥ (360 )+ (3-6x ) ()
“)(sx*)

friy

) (-4

[zur ) {3—4x -‘)(—4;- ’)

=207 —12x77 #1627
=36x" —12x7"
12 36
=—-—+ 10
X X
2 x

(vi) Let f (x) = ¥+1

d( 2
E[r+ I]_

f'(x)=

By quotient rule,

-(:HI]

d
2)-2
ci\’{ }

Jx—1

df
el 3x =1

[x+l]:

.:fr{'Hl} )

(3x—1)

d i
o (:f‘)—::"
(3x-1)

| (x+ I]J
_ 2 __{u:r:—Ex—B:c:}
(x+1) | (3x-1)°
_ =2 ES -211]
C(x1) | (Bae1)
=2 x(3x-2
C(x+1) (3x-1)

n+nmranq_Fh—wuﬂ—ﬁﬂ{

(3x-1)°

ﬂ]

d
3x—1
531



Question 10:

Find the derivative of cos x from first principle.

Answer:

Let f (x) = cos x. Accordingly, from the first principle,

., . flx+h)-flx
J'(x)=lim- { )= f(x)
. h—slb B
. cos(x+h)-cosx
= lim :
Fr=l) h
_ i | COSXCOS I = sin xsin A - cosx
= i h
_ _—mszu{l —cosh)—sinxsinh
=lim
fa—l1 f'll
| —cosx(1-cosh) sinxsinh
= |iim -
h=+0 h f

. l=coshy . .. (sink)
=—cosx| lim —sinxlim |

h—sll 1 l'.'—i"l' h )
. . 1—cosh . sinh
=—cosx(0)-sinx(1) lim =0 and lim ! =1
fr=pll =i} il
=-—8ihx
S (X)) ==sinx

Question 11:

Find the derivative of the following functions:
(i) sin x cos x (ii) sec x (iii) 5 sec x + 4 cos x
(iv) cosec x (v) 3cot x + 5cosec x

(vi) 5sin x — 6cos x + 7 (vii) 2tan x — 7sec x

Answer:

(i) Let f (x) = sin x cos x. Accordingly, from the first principle,



7(x)= im f(x +h;—_f (x)
— lim 51n{x+h}cu5{.1:+ hr)—sinxcos x
=) 7

.1 . .
= lim E[Esm{x+ h)cos(x+h)-2sin xcosx |

H—ll

= lim L[sin 2(x+h)—sin Z,r]

fi—li 2;?
o1 2x+2h+2x . 2x+2h-2x
= lim 2cos -5in
h—pdl zh 2
) |[ dx+2h . 2}:}
= lim—| cos sin—
Jl—a-l]h 2 2
| .
= !f_l:: E[cns{zx +h)sin h]
) . sin/
= !II];!CDS(EI+II‘).!II‘E'!‘““ :
=cos(2x+0).1
=052y

(i) Let f (x) = sec x. Accordingly, from the first principle,



Fx+h)=f(x)

h—lr h

sec(x+/)—secx

= lim
fi—0 h
= lim— ! L

h—0 i cus(x+h} - Cos X |

1| cosx —cos(x+#) ]|

w0 | cosxcos(x+h)
A x+x+hY, x—x-h)
—2sin sin |
| 2 2 )
= lim—
cosx i fy cos(x+h)
I 2x+hY h
=2 35in sin| ——
] . l. \_ 2 r p 2
= dim—
cosxY 0 fy cns(x+h)

h
2

sin i
[ 2x+h 2
sin ; =
- 2)
cosx fo cos(x+h)
. [J’?] . (2x+h]
n| — SN
| ) 2/ . 2
= lim —~ lim =
cosx [h} sl cus(x+h}
. 9

| lsinx
COSX COSX

=secxtanxy

(iii) Let f (x) = 5 sec x + 4 cos x. Accordingly, from the first principle,



f(x +h} f(x)

I(x)=1

|'.|—|.-l|
. Ssec{a+h}+4cns{x+fr}—[53ccr+-lcusx]
= h
h)- h)—
_ s lm[sac (x+h) sec:.] lm[cos{1+ )-cosx |
T h b} il
=5[iml- ! o +-Huu—[cos{x+h} msu]
=0 h| cos(x+h) cosx | n

=5lim—
=0 h| cosxcos(x+h)

=] ?

1 _cns:r—cns{xﬂr}]

. [:«'+I+h‘ . [I—x—h]
=25 3 sin

—lim— L4
cos X =0 i cos(x+h)
. 2x+h) . ho
B —2sin| ——— |sin| ——
2 il 2 EJ __(1-cosh)
= Jdim— +4| —cosxlim ——=
cosx =0 h cos(x +h) s I
_ [; J
21 +.Fr 2
s k ) ‘ h
5 —
= dim 2 |+4[(~cosx).(0)—(sinx).1
cosx i cos(x+h) [[ )-(0)~(sinx) :|
. [Ix+h] i h
= s51n sm| —
s |osel5) sl
= | lim Jim 45inx
CDS'& fi—0 cﬂs{;q.h} fi—slh E
2
- )
— 2 Y 4sinx
COSX COSX

=Sgsecxtany.—4sinxy

(iv) Let f (x) = cosec x. Accordingly, from the first principle,

+4lim —[cum cosh —sin xsin/ —cos x]

+4lim %[— cos x (1 —cos /) —sin xsin /|

sinh]
—gin x lim ——
i —ai) h



ek 1 _f{x+h}—_}"{x]
S(x)=lim .

i}

wf v i | i )
! {J\.}—l1m3[msec(1+h}—msem]

h—}

=lim—| — l - .]
0 k| sin(x+h)  sinx

1 -sinx—sin(xﬂr]}

=lim—| — -
=0 ol sin(x+h)sinx

I [x+x+h] . [x—x—h“
208 5 - 51N |

_i | L2 r .
=lim— - -
=l 5|11{x+.1'r}smx
i’ “2x+h]. [ hJ
2cos sm| -
. L 2 \ 2
= lim— : :
B0y sin(x+/)sin x

sir
2x+h \ 2
—COoS : -
2 [-"}

= lim . - 2/
i sin(x+ f1)sin x
(2x+h] . (h]
- C0S sin| —
=lim 2 Jdim 2
[ 5in{x‘ +fr;|siﬂ x| [f]
b £ 2
_[_zeosx |
sinxsinxy )

= —Cosecxycot x

(v) Let f (x) = 3cot x + 5cosec x. Accordingly, from the first principle,



mf{x+h}—f[x}

f'(x)=lim -
I Jcot(x + A1)+ Scosec(x + k) - 3cot x — Scosec x
= lim
=01 h

- 1
=3lim E[cm (x+h)—cot :r]+ 3 !I]TI E[cosec{x+ h) - cosec x]

h— r—l1

-
Now, lII‘I‘l;I:COt (x+/)—cot x]

f—lb

=lim—| — -
b | osin(x+ k) sinx

L[ cos(x+h) _cosx]

: 1_ms[x+h]sinx—cusxsin{x+k}
=lim
= h| sinxsin(x+h)

| i Sin(_t—:r—h} |

= lim—
bl g _sinx-‘:'-iﬂ[x"'h]_

| I sin{—}’r)
= lim —| — -
»=0 h| sinxsin(x+h)

. osinhA Y| . I
=—| lim—— [.| lim— =
[ b= gin x - 5in {I + f?}

! » 2
=—], = - —— - N 2
sinx-sin(x+0) sin®x cosec’x (2)

(1)



1
lim — [mscc (x+h)- cosccr]

Tzl 1

= lim—| — : - -]
it fp _51n[.1:+f1r} sinx

[ sin x —sin(x +
:li111]— sin X — sin ( x r}]

it | sin {.1: +h}ﬂin x

_«-. [x+.1.'+}'i) (.t’—.\'—.ﬁ]
—COs "5l
. 2 &
= [im—

i fy sin (x+fi)sin x

F_J [2_1-+.I.=] . [ F:J
=05 smy| =
1 2 2
= lum—

b Jp sin{ x+ /r)sin x

[2x+h]
] c
2

= lim

T 5|r1[,'t'+h]Siﬂ X
[21+h] : [IJ

- 05 5 5110
=lim = dim———=

j

2

0l sin(x+h)sinx |2 [J'r?]
- “

= 05X .|
sinxsiny )

= —cosecx cot x -{3)

From (1), (2), and (3), we obtain
JS'(x)=—3cosec’x — Scosec xcot x

(vi) Let f (x) = 5sin x — 6¢cos x + 7. Accordingly, from the first principle,



f'(x)=lim

h—lk

fx+h)-1(x)
h

=lim L[Ssin{x+h}—ﬁms[1+h}+?—53inx+ 6cosx—7 ]

=l

= limllii{sin (.T + h) —5in .T} - 6{:.‘:()5(1' + h) = C08 T}:|

Jl—;llh
A . o
=5!ITI‘JIE[mn{x+h}—smx]—ﬁ&ﬂ;[ms{x+h}—cmx]
] x+h+x) . (x+h-x) . cosxcosh—sinxysinfi—cosy
=5lm-—| 2cos 5in J—ﬁljm
dr=pl h 2 2 h=p{] _h
- , | —cosx(l—cosh)—simnxsin/
=5Iiml 2cos 2x+h smE —6lim A{ ] !
b=l i 3 2 =51 h
smhI
1 =cosx|l=cos/ inxsi
_ slim CDS[E.&.H:] b —Erlim{ cos x(1-cc r}_smrsmh]
=l h Il h h
2
ﬁinh
- - P T
:S[Ilmms(“r—khﬂ lim —2 —ﬁ[(—cns:}[liml Lm’hJ—Sinxljm[ﬂH
Ji—sil 2 LI h Fr—sll fi i—sd h
) 2

=5cosx. I—Er[[—cos.‘c}_[ﬂ]—sin x.l]
=5cosx+6sinx

(vii) Let f (x) = 2 tan x — 7 sec x. Accordingly, from the first principle,



N
£(x)=tim? )=/ ()
=i} 7

=lim : 2 tan [Jf i J’r] }‘sec[x i h:l 2tan x+ Tsecx

fi—ll fy A
. 1

=1 2qtan(x+ h)—tanxg -7 isec(x + 1) —secx
lim h { an ( ) tan 1} {%ec{ x+h)-sec 1} |

—. |]]1|'l :} [tan (x+h)—tan .1.':| 7 lm& -:r I:sec{_r th) - sec .T:I

] a-ln[l f?] Sin & l | |
2him— —7lm— —
0 fy cm[ X h} cos X o0 fi| cos(x+h) cosx
(

sinf x4 f.'rlicns.'f .Liin,'v.'cns[_t [ h] . 1| cosx L‘n'a[r [ J';ll
2lhim— = Thm—
i fy cosx c:m;{,'r [ h] =0 | cosy cm[ f?}
5 ".‘r+x+h“' (x—x—h"
- ) -2 sm[ 5 SII1| ]
o 1] sin{x+h-x) 1 .2 L 2
=2lim— '.-'llm—
=0 | cos xcos(x+h) 0 fy cosxcos(x+4h)

. +!r : 'K h
PR 2sin
ar | [sinh I .
=2lm | . —7lim—
0k ) cosxcos(x+ I.i] b0 cos 1-::13'; X+ Fr
I

(k) [ 2 )

5 X+
_ ¢ in
sinfr | | . sm - Z J
= "| lim lim Tl lim = || im
I} j'} n—ail msxcus{x_ Jl'j} "1 b h f—i} CoOs Y C“S( 4 h}
vz A )

— 7 1|

. ™
SNy |
COSXCOSX | COSXCOSX

I
[

i
Zgec” ¥ = Tsecxtan x
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Question 1:

Find the derivative of the following functions from first principle:

(i) =x (ii) (=x)~7 (iii) sin (x + 1)

5
COs5| X ——
(iv) s

Answer:

(i) Let f(x) = —x. Accordingly,f[x+h} =—[x+h}

By first principle,



(x+]1}

(e = L C f(x+h)=
f(x)=(~x)"=—=" (x+h)
(ii) Let (x)=(=x) —X X _Accordingly,

By first principle,
f(x+h)-f(x)

f'(x)=lim
1] -1 [—I“
=lim— S
"-’”h_x+h KJ
.1 -1 1]
=lim— t—
h_;llh_x+h X

=lim—

1| —x+(x+h)
h—0 |y _W

. 1| =x4+x+h
=lim— ——
h—0 R X{K-Fh)

1 h
=lim—
h—0 | _x(x+h}:|

— i
huEx[le}

_ L1
X-X X

(iii) Let f(x) = sin (x + 1). Accordingly,flx+h}:5m{x+h+']

By first principle,



f(x+h) F{‘(;I

f'(x)=lim

|y =l

—|1I‘ﬂl sm[)\+h+l] sin(x+1) ]

b—+01

1 X+h+1+x+1" . .\'+h+1—x—l]
=lim—| 2cos sin
h—;l]h|: [ 2 ] [ 2
) I[ [2};+I1+2J . (hﬂ
= lim—| 2 cos| ——— |sin| —
b 2 2
sin[h]
. [2x+h+2] 2
= lim| cos .
* 5
2
ﬂin[h]
:Iinw{:s(w}lim 2 Ash—}{]::-g—:-{]}

b—+0 2 %—m [E]
. 2

b—sl1

2x+0+42 sinx
=cos| ———— |1 1 m =1
2 [ 0 %
=cos(x+1)

X) ccs[x——] f(x+h}=cns[x+h—£]
(iv) Let 8/, Accordingly, 8

By first principle,
f(x+h)-f(x)

f'(x)=lim

b=l

1 A
= lim— an[x+h——| LD’%[X——J
h a.nh 8 8



o . .
=lim—| =2sin sin
h— |y
| LS
[ s
Yy L2
1] L [ #xth h
= lim—| =2sin 5N —
h=wi h 2
I f M h
2x+h-= |sin| 5 |
— lim| —sin 4 NE/
h—s0i 2 (E]
L . 2
[ , . (h
2x+h-= $m[_ h
= lim| —sin Jim—— [Fxs h—r(l:}——ﬂli}
h—sl1 2 o h 2
L\ = (3)
i
2.‘;4—'}—_—
=—-sin| —— |.1
W
f T
= —sm| X — |
L8
Question 2:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,
g, r ands are fixed non-zero constants and m and n are integers): (x + a)

Answer:

Let f(x) = x + a. Accordingly, flx+h)=x+h+a

By first principle,
x+h)=f(x)
h

S'(x)=lim /1

n—»l}

xt+h+a—-x—a

= lim
=) h

h".
=ﬁm(—J
H—l h

\,

=lim(1)

Hi—eli

Question 3:



Find the derivative of the following functions (it is to be understood that a, b, c, d, p,

(px+ g}[f +.a-]

g, r ands are fixed non-zero constants and m and n are integers):

Answer:
Let f(x)=(px +q:]{£+.i']
.

By Leibnitz product rule,

i

- i s x.' i A ]
f(x)= [mﬂf]l —ts | +| i+s (px+q)

,,

r . ™
:{px+q}{m"'+.v} +(%+:§ (p)
, r
=(px+q)|-rx" +(—+.-}
(px q]{ X ] v s.p
.f_}. \ /I' Y
:{pxrq]|?|l|—_+.ﬁ' p
LA LA !
o,
X X X
= ps E
x
Question 4:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,

q, r ands are fixed non-zero constants and m and n are integers): (ax + b) (cx + d)?

Answer:

Let f{l} = {6.'.1‘ +h]|{{._,r+d]:

By Leibnitz product rule,
" d 2 > d
Fx)=(ax+b)—(cx+d) +(cx+d) —(ax+h)
dx ' dx

- I:m' + b}i[c':r: + 2eedx + d") + [L":r + ra’]l i{m‘ +b)

dx dx
dis.y d d [ d d |
=(av+h xT )+ 2edx )+ —d” |+{ex+d) ax+—h
(@x+b) afr(c ' ] ﬂ".\‘{ - ] dx :| {ﬂ ) |:d,1' dy |

= (o + h][zc".'r+2cd)+ [r:,x + d:]fr
= 2c(ax+b)(cx+d)+a(cx+d)’



Question 5:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,
ax+h

g, r ands are fixed non-zero constants and m and n are integers): ¥ +d

Answer:

(x)

Let Cex+d

_u.r+b

By quotient rule,

(ex+d) d (ax+b)—(ax+b) d (ex+d)
f(x)= dx . dlx
(ex+d)

_(ex+d)(a)-(ax+b)(e)

- (ex+d)

_acx +ad —acx —be

- {c‘.‘r+ca’):

_ad—bhc

. (cx+d }:
Question 6:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,
g, r ands are fixed non-zero constants and m and n are integers):

I
1+

X
1
-
X
Answer:
l T+
I+ x+1
Letf(x)= ; = Y{] = ;1.‘— .where x=0
'|_
X X

By quotient rule,



d
(-1 L (e )= () L (xm1)
.fu(-‘f) = ax = (' Lxz001

(x=1y
[r—l}{l )= {(x+1)( }.

x#=0, |
(x-1)
_x-l-x-1 o
(v-1)
Cxz00 ]

22
(x-1)

Question 7:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,
1

—_—
q, r ands are fixed non-zero constants and m and n are integers): @t +bx+c

Answer:

£ (x)=——

Let ax’ +bx+c

By quotient rule,

[m': + b+ c) d (1)- d {f]‘I: +bx +(’}|
7'(x)= clx dx

{ff,x': + by + c'}:

(m‘z + bx +-:']{U']— 2ax+b)

(m': +hr+¢ }:
- [Em' + b}

{m"\ +bx+ c'}:

Question 8:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,
ac+h

q, r ands are fixed non-zero constants and m and n are integers): #* T4Y T

Answer:

|..f_‘tlf|':."['} :f‘w—*h
px-+gx+r

By quotient rule,



- (p.".'z+qx+r):r{u.r+h}—(m: +h) fi{i':_[j.r:r:'::+..qu: +r)
B 'x- = -

(p,'l:: + g +J‘):
(;}x: +cj.r_r+r](cr)—{m+h}{2px+q]

(px: +qx+ r]:

_apx” +agx +ar —2apx” — agx —2bpx — bg
( P+ gr + r]:
~ —apx* —2bpx + ar —bg

(p:r: +gx+r ):

Question 9:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,
;sz +gx+r

g, r ands are fixed non-zero constants and m and n are integers): ax+b

Answer:

Lel.f'{x} _pxtgxtr

ar+h

By quotient rule,

(ax+b) ”r_ ( p’ + g +r)—( px’ +qgx+r) ﬂr_ (ar+b)
f(x)= clx . el
(ax+b)

(ax+b)(2px+q)- []r_;urJ +qx +r}{u]
) (ax+b)
_ 2apx” + agx + 2bpx + bg — apx” — agx — ar
- (ax+b)

apx’ + 2bpx + bg — ar
) {a_r + b}j

Question 10:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,

a
—J——E-I-EHSJ['

g, r ands are fixed non-zero constants and m and n are integers): * %

Answer:



o

. h
Let_f'[.r}:—4——+cos X

o ox
Y d [ ] d( ef
x)=—I| —|-—| —= |[+—(cos
/ {1} u’.r[.rJ, {h\ | ey u \}
i oo d ooy d
= x ) =h )+ Ccosx
t u’.\‘{' } u‘fr( } n'fr{ )
=a—4x7 )= b(=2x7" )+ (-sinx) [—[ t" ) = nx"'and Tf(ms x)=—sinx
dx ey
—d4a 2h
=——+——sinx
XX

Question 11:
Find the derivative of the following functions (it is to be understood that a, b, c, d, p,

. : [ _
g, r ands are fixed non-zero constants and m and n are integers): -2
Answer:
Letf(x)=dvx -2

..f'“{-f}=%{4ﬁ —2)=f—f{4\f’.¥_}—%{z}

[ ' 1
=4i[_ -0= 4l Ly ']

Question 12:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,

g, r ands are fixed non-zero constants and m and n are integers): (ax + b)"

Answer:
Let f(x)=(ax+b)". Accordingly, f (x+ /)= {a(x+h)+b| =(ax+ah+b)

By first principle,



J'(x)=lm Sth)- 7 ()

h—uil hr
-~ (ax+ah +|’1]"I —(ax + h)“
= lim
.'lIIrI:' h
] jl.]‘ ! i
b)) |1+ —(ax+h
_"m[m ) ( .:u‘+:";] (cx+h)
fi—elh i
[1+ cifi ]"_1
=(ax+AY) lim ax+b
[ /
f1—ail 7

W owe _l :
=(ax+b) llnll 1+n[ ah ]+H{” }[ ah J +..p0-1
h-st g ax+b |2 ax+bh

( Using binomial theorem )

—1)a?h?
[ ah ]_l_n{n Ya'h

av+h E{{ﬂ'-{-h]:

=(ax+bY im 1|

Lk fp

=(ax+h)" lim - +H(H_])“1I?+”'
[ {f.r.t+f'l} |2(ax +b)

= (ax +f}]“ [(u:f: b) - D:|

[{.r.u.‘+h}”
(exx +b)

+...(Terms containing higher degrees of /)

=Hna

= na(ax +b }” I

Question 13:
Find the derivative of the following functions (it is to be understood that a, b, c, d, p,

g, r ands are fixed non-zero constants and m and n are integers): (ax + b)" (cx + d)™

Answer:

Let Flx)=(ax+ b}“ (ex+ dj”l

By Leibnitz product rule,
F(x)=(ax+ h)" i{m‘ +d)" +(cx+d)" i{a.r+ b) (1)
dx dx

Now, let f| {.r}: (ex+d)"
f(x+h)=(ex+ch+d)



o h(xth)-fi(x)
£ (x)=lim- :

se—rld

i (ex+ch+d) —(ex+d)"
= ||T.I
=(cx+d) lim— !

eh ]
1+
0y cx +d

h
. -1 et h?
=(cx+d) lim~ [I+ ek m[m ) ( ) +.__]—]]

il fy n+u" 2 {L'I+I3r]-

J _I '_IJI':
=(cx+d)’ ].i"‘l mch +m[m )¢ ﬁ;
sl f [L'_I+u'l:l 2[‘_._1._"_“,!}

= (ex+d)" lim me m(m—1)ch N
- 0| (ex+d) 2(cx+d }3

(cx+d)” { e +:}}

cx 4+ d

+ ... Terms containing higher degrees of /1)

a mr{ cx el ]'"
(cx+d )
= me(cx +d ] :

i{u +n’] mc(t'x+d)m_1 {2}

dx

Similarly. d—'r[m-m}” = na(ax+b)"" (3)
iy

Therefore, from (1), (2), and (3), we obtain
S'(x)=(ax+b) {mc[cx+ d)" } +(ex+d)" {nu{m‘+h)""}

=(ax+b)" (ex+d)" [mc m+h]+nu[w+d}]

Question 14:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,
g, r ands are fixed non-zero constants and m and n are integers): sin (x + a)

Answer:
Letf{x}:sin{.r +a)
f(x+h)=sin(x+h+a)

By first principle,



fx+h)-7(x)

“(x)=1lim-
()= tim 7
_sin(x+h+a)-sin(x+a)
= lim
[ h

P

1 - ‘x+h+a+x+a) . (x+h+a-x—a)
=1lim—| 2 cos| Jsmk J

T} h \ 2
1 (2x+2a+hY _ [ h)
= lim — 2ms| —Jsm —|
LY 2 \ 2;

=) h

sin h)
lim ][2r+2a+h1 ‘ EJ
= cos
L] 2 J |'K jl'lr !
\2) |
sin [ L
) 2x+2a+h) . 2 I h
:Ilmcm‘.[ |l|m — Ash—=>0=2>—==20
fi=) 2 ).'I_-'_m | r{]‘ '| 2
LY 2 £
(2x+2a [ sinx
= C0S | lim =1
'.‘_ 2 _.'.—l"l x

=cos(x+a)

Question 15:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,
g, r ands are fixed non-zero constants and m and n are integers): cosec x cot x

Answer:

Lot/ (¥) = cosec xcotx

By Leibnitz product rule,

' (x) = cosec x(cotx) +cot x(cosec x) (1)
Let f, (x) = cot x. Accordingly, f, (x+#4) = cot (x+h)

By first principle,



)i AEEL )

Tr—+l1 h

t{x+/f)—cotx
:Hmcn[t )—cot

T

cos(x+h) cosx
hvit |y s 5in(,},‘+h} sinx

I _sin.rms(x+ ) —cosxsin(x+h)
=i h| sinxsin(x+#)
1l sin(x—x-h)
b fy _sinxsin[-‘f”?:'

1| sin{-=h
— lim— #
sinx =0 h| sin(x+h)

-1 Cosinh | 1
=——| lIm lim—
sinx L =0 f =0 sin(x + h)

-1 |
LI
sinx [sm(xﬂl}}

=—
sm-x

= —cosec’x
- (cotx) =—cosec’x (2)

Now, let f5(x) = cosec x. Accordingly, /> (JH h} - cosec(x+ h}

By first principle,
fi(x+h)- £ (x)
h

£y (x) =1lim=

S—)

= liml [cuscc[x+ h)—cosec x]

k=i _II!:I



1l 1
=lim : -
w20 fi| sin(x+h)  sinx

1| sinx—sin (x+ h]}

= lim—
(i h| s xsin(x+ h)

(x+x+hY . (x—x=h)\
| sm|

2
| 2 '
—— lim— B
sinx " f sinfx+ /)
(2x+hY . h
2cos sIn
l | . 2 ) 2
—— lim— ,
sinx -0 f sin{x+/h)
(R (2x+h)
sin| | L'us;| |
_ ! lim z&/ =
SIM K ok /IJW 3i11{.‘|.‘+-’i}
xEJ
“h 2x+ A
sml | cos
1 . 2/ .. . 2 )
=——Iim o Jim— z
sin x 0 | FW =0 sin(x+h)
L
b, -
2x+0)
COos |
1 2 )
; l.—
sin x sin (x+0)
-1 cosx
SInY SN X
=—Ccosecy.cot ¥
L
~.(cosec x) =—cosecx.cot x (3)

From (1), (2), and (3), we obtain

[f*(x) = cosec x(—cosec’x )+ cot x(—cosec x cot x)

1 el
=—¢0sec  x—cot™ x cosec x

Question 16:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,

CO5X

q, r ands are fixed non-zero constants and m and n are integers): |+sinx

Answer:

£(x)= COSX

Let l+sinx




By quotient rule,

(1+sinx) %{cos x)—(cosx) ;—i{l +sinx)

7(x)=

(1 +sir1x}:
_ (1+sinx)(—sinx)—(cosx)(cosx)

(1+sinx)’

a —sinx—sin” x—cos” x
(I +5i11.r}"

—sinx —[s;{n: X +Cos” .1']

Y
&

(1+sinx)
_ —sinx—1
B (1+sinx)’
_ —(1+sinx)
B (1+sinx)’
-1
B (1+sinx)
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Question 17:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,
5N X + Cos X
q, r ands are fixed non-zero constants and m and n are integers): Siix—cosx
Answer:
51N X + cos X
Xj=———

Let sin x—cosx

By quotient rule,



SiNX —Cos x d sinx+cosx)—(sinx+cosx d SN x —Ccos x
i

f'(x)= 2 dx

(Hil‘l X =C08 J.')

(sinx - cosx)(cosx—sinx)—(sinx + cosx)(cosx +sinx)

(sinx—cosx)’

~(sinx—cosx) —(sinx+ cosx)

(sin x - cosx)’

—[m’n" X+008% x—28in ¥ cosx +8in° ¥+ cos” x + 28in x ¢cos _r:l

(iiin X = C0s .1'):
~[1+1]
(sinx—cos x)’

-

(sinx - cos .T:l:

Question 18:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,
secx —1

q, r ands are fixed non-zero constants and m and n are integers): secx+1

Answer:

secx — |
}_

. X=
Let secx+1

|
. " l-cosx
_CosSX  _
f(x)= 1  14cosx
+ 1
COS X

By quotient rule,



(]ﬂ:r.mx] d {I—mxx}—(l—cn}i_\') d (I +L'(JH_T)

)=

(I+ E_‘{JIH.T]:

{1+ cosx)(sinx)—(1-cosx)(-sinx)

{1+ cos x}:

SI1X + COS X SIN XY + SIN XY — SIN X Cos X

(1+cosx)’
25in x

(1+cosx)’

2sinxy  2sinx

(l+ L] ) [sec.r+-]}:

N 2secxtan x
(secx+ ]}:

Question 19:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,

g, r ands are fixed non-zero constants and m and n are integers): sin" x
Answer:
Lety = sin" x.

Accordingly, forn =1, y = sin x.

o dy . .
S =cosx, Le, —SinxY =cosx

dlx dlx
Forn =2,y =sin®x.

dv d
S—= —{sm X5 I}

dv  dx

=(sinx) sinx+sinx(sinx) [B;.' Leibnitz product rulf:]

= 0S8 X 8IN X +8in X Cos X

= 2sin X cosx (1)

3

Forn =3, y =sin® x.



. (il.ll-' d . . 2
D9 (sinxsin® x)

Cdv o dx
= (sin Jl.‘:}r sin” x +sin x(sin’ 1] [By Leibnitz product rule]
= cosxsin’ x +sin x(2sin xcosx) [Using [l]]

= cosxsin” x+2sin’ ¥cosx
= 3sin’ xcosx

d v ]
—{5]11 .'L'J = H5In XCO5 XY
We assert that @

Let our assertion be true for n = k.

E—{Hi'ﬂk x}:ksin"'_”xmsr |
i.e., dv

]
o

Consider

f {Hin*" Jf] = : [.Sin.rﬁin" .T)
o I

= 1’l'.<.'|'r't.1r}r sin” x+sin 1(sin" 1} [E}' Leibnitz product ru]e]
= cos xsin’ .r+sinx(ﬁc sin"'":'xccrs.r) [Using [2]]
= cosxsin' x+ksin' xcosx
=(k+1)sin" xcosx
Thus, our assertion is true forn =k + 1.

d .. . i
—{H]l‘l .‘L'} = J?SII‘Jl: d XCO5X
Hence, by mathematical induction, @

Question 20:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,
a+bhsinx

g, r ands are fixed non-zero constants and m and n are integers): ¢+dcosx

Answer:

Letfl[x}= a+hsinx

e+ d cosx

By quotient rule,



(c+dcos x]i(cH bsinx)—(a+ bsinx]%[c +d cos.x)

£(x)= :

(c+dcosx)
_(e+dcosx)(beosx)—(a+bsinx)(—dsinx)

(c+dcosx)

_ cheosx+bd cos® x+ adsin x+ bd sin” x

[c' + .:."-:1‘:51]:

hecosx+ ad sin x+ fl'ff(C{}H: x+sin’ x]

{c +d cos JL’]I'T

N boecosxy+ ad sin x4+ bd

2

(c+dcosx)

Question 21:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,
sin(x+a)

g, r ands are fixed non-zero constants and m and n are integers):  CUs.X

Answer:

If-{x}:w
t

Le COS X

By quotient rule,

dry Y
COS X ﬁ{x[sm{x+a]] sm(.:.+a}dx+:osx

I'(x)=

cos’ X

cos x%[sin{xﬂ;}] —sin(x+a)(—sinx)

I'(x)= (i)

Let g (x)=sin(x+a). Accordingly. g(x+h) =sin(x+h+a)

>
Cos™ X

By first principle,



g'(x)=lim

fa—sll

g(x+h)-g(x)
h

= hml[am(x +h+a)—sin(x +.:r

d—+ll fl

1 1.+h+a+\+u x+;’:+a—v—a
=lim— LLm,| ‘
Ed

] h

1 -
=lim—| 2cos

=l h

'f.lr.'
. [Ex+2ﬂ+h
=lim| cos 5

21+'«'ﬂ+h“

Jrnli

“‘.
sin| — ~
4 (‘) ,
:Iimcmtzl+2&+h || m \“:’ Aﬁh—}{]:}ﬁ—}ﬂ}
Jr=nld o I/h | 2
2)
[ 2x+2a) [ sinh
:Lcns Jxl lim——=1
2 L
= uus{x+n} o (11

From (i) and (ii), we obtain

cosx-cos(x+a)+sinxsin(x+a)

/(%)=

_cos(x+a—x)

cos™ X

=
cos™ X
Ccosa

cos’ x

Question 22:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,

g, r ands are fixed non-zero constants and m and n are integers): x* (5 sin x — 3 cos x)

Answer:

Letf{-‘f}?\‘l{ffsm x—3cosx)

By product rule,



£'(x)=x* < (5sin - 3c0sx)+ (Ssin - 3cos 1) (x')

=x' [Si{s[n x) _J:TI::{CGS'T} +(5sinx —Jcos.r]%[f]

=x' [:‘1 cos x —3(—sin 1}] +(5sinx— jces:r}(fif}

= x'[5xc08x+3xsinx+20sin x—12cos x|

Question 23:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,

g, r ands are fixed non-zero constants and m and n are integers): (x? + 1) cos x

Answer:

Let,f'{.r} =(x"+1)cosx
By product rule,

f(x)= (Jl': + ]}%{L‘L}Sx‘] + cnﬁ_r;—i(_ﬁ n ]]
- (4.2+I}[—sin.r}+c0$x(2x}

=—x"sinx—sinx+2xcosx

Question 24:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,

g, r ands are fixed non-zero constants and m and n are integers): (ax? + sin x) (p + g coS X)

Answer:

Let,f'[x}=(m" +sinx )(p+gcosx)

By product rule,

fx)= [m“' +sin .ﬁ:]i{p +gcosx)+(p+g ccmx};—r[cﬂ:z +sin .1'}
s clx

- {f:.'r2 +sin .r}{_—q sinx)+( p+gcosx)(2ar +cosx)

= —¢sin .r(m': +sin .'H') +(p+gcosx)(2ax +cosx)

Question 25:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,

. . x+cosx)(x—tanx
g, r ands are fixed non-zero constants and m and n are integers): “ cos 1'}“ tan x)



Answer:

Letf{x}:{x+ cosx)(x—tanx)
By product rule,

S (x)=(x+cosx) ;; (x—tanx)+(x—tanx) i (x+cosx)

=(:r+n.:u:‘..r}[%{:-‘]— %[tun ;r]]+{:: —tan x)(1-sin x)
=(x+cos x}[l —%tan .r}+ (x—tanx)(1-sinx)

Letg{x} -tanx. Accordingly, g(x-+h)=tan(x+h)

By first principle,

¢(x) = tim § M= (¥)

Ty}

=lim

h—li

f

i) [ sin(x+h) ~sinx
Ry | cos(x+/h) cosx

[tﬁl‘l{.\.‘+ I:)—tan.r}
/

= lim—
b0 fy cos(x+h)cosx
I

, _sin{x+h—:|:)
= Jdim
cosx 1| cos(x+h)

l | i sin i
= rI]]TI— —_—
cosx ' h| cos(x+h)

1 [ sin(x+h)cosx - sinxcos(x+ h]}

%

| Csind [ 1
= . ]ll‘ll—J. lim——
Ccosy Lkt fy by L:us{x+h}
1 [ 1
cosx  cos(x+0)
1

COS™ X

=sec’ x (i)
Therefore, from (i) and (ii), we obtain
£'(x)=(x+cosx)(1-sec’ x)+(x~tanx)(I-sinx)
= (x+cosx)(-tan’ x)+(x—tan x)(1-sin x)

= —tan’ x(JH- uusx]+{x— tan .r]{l —ﬁinx]



Question 26:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,
4x+5sinx

q, r ands are fixed non-zero constants and m and n are integers): 3x+7cos.x

Answer:

(¥)

Let  3x+7cosx

3 dx+58nx

By quotient rule,

(3x+7cosx) j (4x+5sinx)—(4x+5sinx) j (3x+7cosx)
X X

f(x)=

(3x+7cosx)’

Jx+Tcosx 4d y)+5 d sinx) |—(4x+5smnx) 3 d x+7 d COs X
e dlv dx dx

X X

(3x+7cosx)’
(3x+7cosx)(4+5cosx)—(4x+5sinx)(3—Tsinx)

(3x+7cosx)’

~12x+15xcosx+28cosx+35c08” ¥ —12x+28xsin x —15sinx +35sin” x
(3x+Tcosx)

[5xcosx+28cosx+28xsinx—15sinx +35[C0$: x4sin” x)

(3x+7cosx)’
35+ 15xcosx+28cosx+28xsinx —15sin x

(3x+7 cc-s.r]:

Question 27:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,
g, r ands are fixed non-zero constants and m and n are integers):

2 H]
X Cos
¥
sin X
Answer:
2 EJ
& C0s
5
Let sin x

By quotient rule,



sin x d {_‘r"} x :: (sin x]

o L
f'(x)=cos—. X G%
4 51N X
. >
T sinx-2x—x cosx
= 05—, —
sin” x

xcos z [2 sin X — xcos x]

- sin” x
Question 28:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,
X

q, r ands are fixed non-zero constants and m and n are integers): 1+tanx

Answer:

f(x)=

Let 1+ tan x

¥

(1+tanx)— d (x)- J.i[l+tan1]

£1(x) = n"-'. el
(x)= (I+tan n}
(I +tan x]—_r- d (1 +tz1n.r]
f(x)= dx - . (1)
(14 tan x)’

Let g [x] =1+ tan x. Accordingly, g{r+ h)=1+tan(x+ .ﬁr)_

By first principle,



g(_1'+ h] - g(:r}

g'(x)=lim
|+tan({x+/)—1—tan:
=Iim{ (x+h) dnT}
d—all h

I _Hiﬂ{1+h} B sin.\'}

=lim—
h—=l L‘(‘.IH{.I 1 f?] COs X

= lim—
ni cos(x +h)cosx

1| sin(x+/1)cos x —sinx c-:-s{.r+h}]

.*iil'l(.‘l.'+f}—.‘|.'} ]

L1
=lim—
i fp um‘.{x 1 f?:l COS X

sinf

=lim—
b0 Ji| cos(x+h)cosx

Cosinh L
=| lim | lim
| i h FAREL {;{}5(_1' + f?)E{}S X J

=1 =sec” ¥

3

CoOs™ x

:::i{l+tun.1.']=seczx i)
ey

From (i) and (ii), we obtain

f"{r} _ I+ tan x — xsec” x

(1+1tan x)’

Question 29:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,
g, r ands are fixed non-zero constants and m and n are integers): (x + sec x) (x — tan x)

Answer:

Let S(x)=(x+secx)(x—tanx)

By product rule,



f’{x}=[x+5¢:c:~']%[:—tanx}+{x—tanA‘]%[x+scc:r}

= (x+sccx][%[x] —i tan x]+{x—tanx}{%[x}+ %scc x

= [x+scc};}[1 - i1:ar1 x}+{x— tan x]|:1 - iscc x]
dx dx

Let f, (x)=tanx, f,(x)=secx
Accordingly, f,(x+h)=tan(x+h) and £, (x+h)=sec(x+h)

IS [x]:lim[ﬂ{“hj‘ﬂ{x]J

Tl

:h‘m(m“[“h}—tanxJ

Ji— h
t: ] A
=Iim[ an(x+h) unxJ
h— I

1] sin(x+4h) - sinx
=0 g _cos(x +h) cosx

[ sin{x+h)cosx—sin xcos(x +4)
50 Jy cos(x+h)cosx

1| sin(x+h-x)
= lim
0 fi| cos(x+h)cosx
e sin
=lim—
=0 Ji| cos(x+h)cosx

[. sith . 1

= lm——|| hm

bt f )| b0 cos(x+ ) cos x
1

=
COs™ X

=1x =sec’ x

d - »
= —tanx=sec" x )
ey

]

(1)



£ (%)= m.{ Sy (x+h)—fy {-‘f)]

h—slb _]";
sec{x+/Mt)—secx
_lim (x+/7)—secx

Fo—li h

o 1
=lim— -
i Jy cus[:{+h} cosxY

=lim—
=0 i cos(x+ir)cosx

1 -cusx—cos(IHa]]

i . [.\'+1‘+}'r] . [r-x-h]
—2sin SN
Lol ) 5
= —_lim—
Cosx 0 fp cos(x+h)
i i 2x+hy L =h
—-2sin -sin| —
| | 2 2
= lim—
cosx 0 i cos(x+/)

1 .
= Jdim
cosy il cos(x+h)

L
. sm[—”
J limsm( # |} [ lim——=

(0 N A
) 2

I

=gecy. ,
limcos(x+/)
Je—ld
sinx. |
=ECC .
COS X
d
= —secx=secytany : ..}

el
From (i), (ii), and (iii), we obtain

£ (x) = (x+secx)(1-sec” x)+(x—tanx)(I+secxtanx)

Question 30:



Find the derivative of the following functions (it is to be understood that a, b, c, d, p,
N

g, r ands are fixed non-zero constants and m and n are integers): sin” x

Answer:

, X
flx)=—
Let sin” x

By quotient rule,

N | dad .,
sin"x—x—x—sin" x

£'(x)= dlx dx

sin”" x

E'.l o = n-l
—KkINn X =HE5IN XCOs X
It can be easily shown that dx

Therefore,

) .
SN x X—x 5 x

Ifu{-":}: L.I'I_T‘ - dy
s x

sin” x.1— x(nsin“ ' xcos x}
sin’” x
e T |

sin x{ 510 x — X COS _'r}

- = 2n
SN X
 SINX—nycosx

S E

s1n X



