Polynomials

Exercise 2.1

Question 1:

The graphs of y = p(x) are given in following figure, for some polynomials p(x). Find the
number of zeroes of p(x), in each case.
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Answer:

(i) The number of zeroes is 0 as the graph does not cut the x-axis at any point.

(i) The number of zeroes is 1 as the graph intersects the x-axis at only 1 point.

(iii) The number of zeroes is 3 as the graph intersects the x-axis at 3 points.

(iv) The number of zeroes is 2 as the graph intersects the x-axis at 2 points.

(v) The number of zeroes is 4 as the graph intersects the x-axis at 4 points.

(vi) The number of zeroes is 3 as the graph intersects the x-axis at 3 points.



Exercise 2.2

Question 1:

Find the zeroes of the following quadratic polynomials and verify the relationship
between the zeroes and the coefficients.

(i)x" —2x—8 (ii)4s* —d4s+1 (iii)6x" =3 -7Tx

(iv)4u” +8u (v)1' =15 (vi)3x’ —x—4
Answer:

(i) a"—2x-8=(x—4)(x+2)

The value of x*—2x-8 iszerowhenx-4=0o0rx+2=0,i.e,whenx=4o0rx=-2

Therefore, the zeroes of x*-2x-8 are 4 and -2.

4-7-7= —(-2) _ —(Coefficient of x)
Sum of zeroes = T 1 Coefficient of x’

8= {‘8) _ Constant term

=4X{—2}= - . 9
Product of zeroes I Coefficient of x°

A

(i) 45" —4s+1=(25-1)

§=—

The value of 4s2 - 4s + 1is zerowhen2s - 1=0,i.e, 2

1

Therefore, the zeroes of 4s% - 4s+ 1 are 2 and 2 .

(. | ~(-4) —(Coefficient of 5 )
—t—=]=
2 2 4 [C oefficient of s }

Sum of zeroes =



] Constant term
W —= =
2

1
4 Coefficient of s°

1
Product of zeroes 2

(iii)  6x" =3—Tx=6x" —Tx—3=(3x+1)(2x-3)

-1
X=—
The value of 6x% - 3 - 7x is zero when 3x+1=0o0r 2x - 3 = 0,i.e., 3 or

! oand 2

Therefore, the zeroes of 6x2 - 3 - 7x are 3 2,

1,3 7 _-CD_ —( Coefficient of x)

Sumofzeroes= 3 2 6 6 Coefficient of x°
-1, 3_-1_-3_ Constant term
Product of zeroes = 3 2 2 6  Coefficient of x°

(iv) 4w’ +8u =4u” +8u+0
=4u(u+2)

The value of 4u? + 8u is zerowhen4u=0oru+2 = 0,i,e,u=0o0ru=-2
Therefore, the zeroes of 4u® + 8u are 0 and -2.

B ~(8) _ —(Coefficient of )

0+(-2)= 2= ) = (Coeflicient of
Sum of zeroes = 4 Coefficient of o~
ﬁx(-z)—n—ﬂ _ Constant term
Product of zeroes = 4 Coefficient of «



The value of t2 - 15 is zero when (=15 =0 or t+15=0 ,i.e., when

=15 ort=—+15

Therefore, the zeroes of t2 - 15 are Jis and 15 .

' — — [ Coefficient of ¢
JI5 +(—15)=0="2 = (Coeficient of 1)
1 (Cuetﬁclem of 1° )
Sum of zeroes =

( 15){_ﬁ]= 15— ~15  Constant term

Product of zeroes = 1 Coefficient of x

{vi] 3Ix'—x-4
=(3x—4)(x+1)

The value of 3x% - x - 4is zerowhen 3x - 4=0orx + 1 = 0, i.e., when

4

Therefore, the zeroes of 3x2-x-4are 3 and -1.

4 (-1)= I —(-1) _—(Coefficient of x)
Sum of zeroes = 3 3 3 Coefficient of x°
_i{_l}_—_ﬂl_ Constant term
Product of zeroes 3 3 Coefficient of x*

Question 2:

Find a quadratic polynomial each with the given numbers as the sum and product of its
zeroes respectively.



Answer:

Let the polynomial be ax’ +bx+¢  and its zeroes be & and B

1 -b
+ = = —
a+p 4 a

=
4

ﬂ,ﬁ:_lz
Ifa=4, thenbh=-1, ¢ =—4

& |n

Therefore, the quadratic polynomial is 4x% - x - 4.
. 1
(i) 2.2
3
Let the polynomial be ax’ +bx +e¢ , and its zeroes be % and B

1 ¢
Ffy = —=—
p 3 oa

Ifa=3, then b =-3v2, ¢=1
Therefore, the quadratic polynomial is 3x% - W2 Xx+1.
(i) 0.5

Let the polynomial be ax’ +bx+¢  and its zeroes be @ and B



g+ﬂ=U=E=__§
1 a

it

Ifa=1, then b=0, c =+/5

!

Therefore, the quadratic polynomial is ¥ +45 :
(iv) L1

Let the polynomial be ax’ +bx +e¢ , and its zeroes be # and B

g-l—ﬁ:]:{:_—b
1

axﬁ:I:I=

Ifa=1, thenh=-1, c=1

= n g

Therefore, the quadratic polynomial is X =x+l

(v) -

1
4

|-

Let the polynomial be ax’ +bx+¢  and its zeroes be @ and B

-1 =h
o+ = —
A 4 o
|
g}{ = — =
p 4 a
Ifa=4, thenbh=1, c=1

Therefore, the quadratic polynomial is 4x’ +x+1

(vi) 4,1

Let the polynomial be ax’ +bx+e



H-}-ﬂ:ﬁl:% _h

'| -
Qxﬂ:lzizi

Ifa=1, thenbh=-4, c=1

Therefore, the quadratic polynomial is x* = 4x+1 .

Exercise 2.3

Question 1:

Divide the polynomial p(x) by the polynomial g(x) and find the quotient and remainder
in each of the following:

) plx)=x"=3x" +5x-3, g(x)=x"-2

(i) plx)=x"=3x" +4x+5, g(x)=x"+1-x

(i) plx)= x? —5x+86, g{.r}=2—:r?
Answer:
(i) plx)=x"-3x"+5x-3
g(x)= =2
x=3
=2] x' =32 +5x-3
X’ 2x
:
-3x’+7x-3
-3x +6
+ —
Tx =9

Quotient=x -3

Remainder =7x -9



(i) p(x)=x"-3x"+4x+5=x"+0x" -3x" +4x+5

q{,r] =x' +l-x=x"—x+I

X +x=3
5 N 3
X —x+1) 007 =307 +4x+3
4

4 i 1
X — X +X

— + —

x° —dx* +4x+5
- x4 x
— + —

—3x +3x +5

—3x" +3x -3

+ - +

8

Quotient = xX2+x-3
Remainder = 8

(iii) p(x)=x"-5x+6=x"+0x"-5x+6

r:,r{:.‘) =23 =—x"+2

—x'=2
—x* 4 2) 0T —5x 46
xt—2x7
- -
2" —5x+6
2 -4
- -

—3x+10

Quotient = -x2-2

Remainder = -5x +10

Question 2:

Check whether the first polynomial is a factor of the second polynomial by dividing the
second polynomial by the first polynomial:



(i) ¢#-3.2¢"+30 -2 -9 -12
(i) o' +3x+13x" +5x" =T’ +2x+2

(iii) *' =3x+1Lx" —dx +x7 +3x+1

(i) -3 20'+3¢ -2 -9-12
=3 - £ +0s-3

28 +3t+4
;3+|:u—3} 20 138 20 —9r—12
2+ 0.7 — 617
- -+

3 +4 -9 —-12
3F + 04 -9t
= = =+
41 +0.4—12
41 +01-12
— = &
0

Since the remainderis 0,

Hence, # =3 js afactor of 2'+3" =2t =9t -12

(i)  x*+3x+1 3x*+5x' - Tx" +2x+2



3x —4x+2

< +3x+1] 3t 455 — Tt + 2542

It +9x7 + 37

—4x' —10x" +2x+2
—4x* —12x% —4x
+ o+ +
2%  +6x+2
2x  +6x+2

0

Since the remainderis 0,

Hence, ¥ +3x+1 jsafactor of 3x" +5%" = 7x" +2x+2

(iii)  x"=3x+1 x —dx'+x"+3x+1

v -1
x-‘—3x+|} Y -4 + ¥ +3x41

o =3x +x

— + —_
—x +3x+1
— +3x—1
+ - +
2

Since the remainder #0,

1 . 5 3 2
Hence, ¥ —3x+1 jsnotafactorof ¥ —4x +x" +3x+1

Question 3:

Obtain all other zeroes of 3x" +6x —2x" —10x~5 if two of its zeroes are
JE_ and —\/E
3 3

Answer:



plx)=3x"+6x" —2x" —10x-5

Foh
= and — |-
Since the two zeroes are 13 3,
e oo ()
Slx—— 1l x+. == x —
3 3 3 is a factor of 3x' +6x' —2x* —10x-5

Therefore, we divide the given polynomial by 3,

3x° +6x+3
*+0x-2) 3x'+6x"~ 24" —10x -5
3x* + 0 — 557
- - +
62" +3x" —10x -5
62" +0x" —10x
- = +
Ix® +0x—5
3x” +0x-5
= = o
0

3xt +6x = 2x7 =10x-5 =[x3 —%J(Sf +5x+3]

=3[J|:2 —g](x? +2x+1)

-

We factorize *° +2x+1

S

:(x+l]

Therefore, its zero is given by x+1 =0

X=-1



As it has the term {'H_ I] , therefore, there will be 2 zeroes at x = -1.

5l
Hence, the zeroes of the given polynomial are 3 3 -1and-1.

Question 4:

On dividing X =3 a2 by a polynomial g(x), the quotient and remainder were x - 2
and - 2x + 4, respectively. Find g(x).

Answer:
plx)=x"=3x"+x+2 (Dividend )

g(x) = ? (Divisor)
Quotient = (x - 2)
Remainder = (- 2x + 4)

Dividend = Divisor x Quotient + Remainder

=3t x4+ 2=g(x)x(x-2)+(-2x+4)
¥ =3+ x4242x—d=g(x)(x-2)
x —3x" +3x-2 =g(x)(x-2)

g(x) is the quotient when we divide (x' IR 2) by (x-2)



P -x+l

} ¥ =3 32

x—2

ng(x)= (xl —x+l]
Question 5:

Give examples of polynomial p(x), g(x), q(x) and r(x), which satisfy the division
algorithm and

(i) deg p(x) = deg q(x)
(ii) deg q(x) = deg r(x)
(iii)degr(x) =0

Answer:

According to the division algorithm, if p(x) and g(x) are two polynomials with
g(x) # 0, then we can find polynomials q(x) and r(x) such that

p(x) = g(x) x q(x) + r(x),

where r(x) = 0 or degree of r(x) < degree of g(x)

Degree of a polynomial is the highest power of the variable in the polynomial.
(i) deg p(x) = deg q()

Degree of quotient will be equal to degree of dividend when divisor is constant (i.e.,
when any polynomial is divided by a constant).



Let us assume the division of 6x* +2x+2 py 2.

Here, p(x) = 6x° +2x+2

g(x) =2

q(x) = 3x° +x+1 and r(x) =0

Degree of p(x) and q(x) is the same i.e., 2.

Checking for division algorithm,
p(x) = g(x) x g(x) + r(x)

6" +2x+2 = o(3x +x+1)

= 6x° +2x+2

Thus, the division algorithm is satisfied.

(i) deg q(x) = deg r(x)

Let us assume the division of x3 + x by X,

Here, p(X) = x> + X

g(x) = x°

q(x) = x and r(x) = x

Clearly, the degree of q(x) and r(x) is the same i.e., 1.
Checking for division algorithm,

p(x) = g(x) x q(x) +r(x)

X3+ x = (X2) X X +X



X3+ x=x3+x

Thus, the division algorithm is satisfied.
(iii)degr(x) =0

Degree of remainder will be 0 when remainder comes to a constant.
Let us assume the division of x> + 1by X2,
Here, p(x) = x° + 1

g(x) =x*

g(x) =xand r(x) =1

Clearly, the degree of r(x) is 0.

Checking for division algorithm,

p(x) = g(x) x q(x) +r(x)

X%+ 1 :(xz)xx+1

C+1=x3+1

Thus, the division algorithm is satisfied.

Exercise 2.4

Question 1:

Verify that the numbers given alongside of the cubic polynomials below are their
zeroes. Also verify the relationship between the zeroes and the coefficients in each
case:

(i) 22" +x"=35x+2; %,1.—2

(ii) ¥ -dxT+5x-2; 21,1



Answer:

() plx)=2x"+x"-5x+2.

Zeroes for this polynomial are %1 l,-2

= l+l—§+2

4 4 2
=0
p(l)=2xI +1" =5x1+2
=0
p(-2)=2(-2) +(-2)" -5(-2)+2
=-16+4+10+2=10

1

Therefore, 2,1, and -2 are the zeroes of the given polynomial.

Comparing the given polynomial with ax’ +bx* +cx+d ,weobtaina=2,b=1,c=-5d=
2

chantak&a:%.ﬂ:l.y:—z

1 1 —b
a+,£3’+;x=5+]+{—2)=—5=—
ﬂ'ﬂ+ﬁ_}"+{l"}‘:lx]+|[—2]+l[—2]:_—5:£

2 2 2
| 1 —~2) -d
Wy =y (A==

Therefore, the relationship between the zeroes and the coefficients is verified.
(i) plx)=x"—4x" +5x-2

Zeroes for this polynomial are 2, 1, 1.



p(2)=2"-4(2")+5(2)-2
=8-16+10-2=0

p(1)=1-4(1) +5(1)-2
=1-4+5-2=0

Therefore, 2, 1, 1 are the zeroes of the given polynomial.

Comparing the given polynomial with ax’ +bx* +cx+d e obtaina=1,b=-4,c=5,d=
-2.

Verification of the relationship between zeroes and coefficient of the given polynomial

Sumof zeroes=24+14+1=4= —(=4) =—_h
o

Multiplication of zeroes taking two at a time = (2)(1) + (1)(1) + (2)(1) =2+ 1+2=5

_(5) ¢
| Il
_(2) _-d
Multiplication of zeroes =2x1x1=2 1

Hence, the relationship between the zeroes and the coefficients is verified.

Question 2:

Find a cubic polynomial with the sum, sum of the product of its zeroes taken two at a
time, and the product of its zeroes as 2, - 7, - 14 respectively.

Answer:

Let the polynomial be @ +bx” +ex+d and the zeroes be @8- and y

It is given that



a+f+y=

— | b

=7 ¢
Q’ﬁ-l—ﬁy-l-ﬂy:T:E

14 -d
apy=—"="2

| a

Ifa=1,thenb=-2,c=-7,d=14

Hence, the polynomial is X' =2 = Tx 414

Question 3:

If the zeroes of polynomial * ~3x" +x+1 are @~ b:@:a+b fng 4 andb.

Answer:
plx)=x"=3x"+x+1
Zeroesarea-b,a+a+b

Comparing the given polynomial with P¥ +9X" +rX+1 \va obtain
p=1,9=-3,r=1,t=1

Sumof zeroes=a-b+a+a+h

4 =3qa
P

-5,

3=3a

1=

The zeroes are 1=b,1.1+b .



Multiplication of zeroes=1{1-5)(1+5)

Top

Hence,a=1andb = ’-"E or “E.

Question 4:

]It two zeroes of the polynomial ¥ —6x" =26x" +138x 35 gre 2+43 , find other
zeroes.

Answer:

Given that 2 + V3 and 2 - V3 are zeroes of the given polynomial.

(x—z—JEMx—2+¢E)

Therefore, =x2+4-4x-3

= x% - 4x + 1 is a factor of the given polynomial

For finding the remaining zeroes of the given polynomial, we will find the quotient by
dividing ** —6x =26x" +138x =35 py x2 - 4y + 1.



x'=2x-35
X —4x+1:| = 6x° —26x% +138x-35

Y eddts X
— + —
- 2% =27x% +138x-35

“2x' + 8x - Xx

+ - +
—35x" +140x-35
—-35x" +140x-35

+ - +

Clearly, ¥ —6x’ =26x +138x-35 - (x: —4x+1 ]{I? —21‘—35]

(x* —2x-35)

It can be observed that is also a factor of the given polynomial.

ang (87 =2x=35) _ (x-7)(x+5)

Therefore, the value of the polynomial is also zero when *=7=0¢r x+5=0
Orx=7o0r-5

Hence, 7 and -5 are also zeroes of this polynomial.

Question 5:

If the polynomial X' —6x" +16x" ~25x+10 s divided by another polynomial ¥ —2x+k
the remainder comes out to be x + a, find k and a.

Answer:
By division algorithm,

Dividend = Divisor x Quotient + Remainder



Dividend - Remainder = Divisor x Quotient

4 3 2 .4 3 2
X =6 +16x =25x4+ 10 =-x—a=x" =63 +16x" = 26x+10-a will be perfectly divisible by

X =2x+k
Let us divide X' =63 +16x" =26x+10—a py ¥ =2x+k

xf —dx+(8-k)
f—zﬁk) X' —6x +16x° —26x +10—a
=2+ kA
4 -
—4x" +(16—k)x" - 26x
—4x" 4+ 8x' — dkx
+ - +
(8—k)x" —(26—4k)x+10-a
(8—k)x* —(16—2k)x+(8k—k’)

— + —

(—10+2k)x+(10-a—8k+k*)

(~10+2k)x+(10—a—8k+4k*)

It can be observed that will be 0.

Therefore, {—l{]+2k) =0 and (Iﬂ—a—8k+k') =0
For {—l{]+2k] -0,

2k=10

And thus, k=5

for (10-a—8k+4*) 0

10-a-8x5+25=0

10-a-40+25=0



-5-a=0

Therefore,a = -5

Hence,k=5anda=-5



